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PREFACE 


This book introduces several new classes of groupoid, like 
polynomial groupoids, matrix groupoids, interval groupoids, 
polynomial interval groupoids, matrix interval groupoids and 
their neutrosophic analogues. 


Interval groupoid happens to be the first non-associative 
structure constructed using intervals built using Z, or Z or Q or 
RorZ v {0} or Q* U {0} and so on. 


This book has five chapters. Chapter one is introductory in 
nature. In chapter two new classes of groupoids and interval 
groupoids are defined and described. 


The analogous neutrosophic study is carried out in chapter 
three. The applications of this new structure is given in chapter 
four. The final chapter suggests more than 200 problems. 


This book has given 77 new definitions, 426 examples of 
these new notions and over 150 theorems. 


The authors deeply acknowledge Dr. Kandasamy for the 
proof reading and Meena and Kama for the formatting and 
designing of the book. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
MOON KUMAR CHETRY 


Chapter One 


PRELIMINARY NOTIONS 


In this chapter we just give the basic definition of the groupoid 
which forms the first section. In section two we just recall the 
properties associated with neutrosophy. 


1.1 Groupoids 


In this section we recall the definition of groupoid and give 
some examples. For more about groupoids and its properties 
please refer [17-20]. 


DEFINITION 1.1.1: Given an arbitrary set P a mapping of P x P 
into P is called a binary operation on P. Given such a mapping 
o: Px P > P we use it to define a product * in P by declaring 
a*b=cifo(a, b) =c. 


DEFINITION 1.1.2: A non empty set of elements G is said to 
form a groupoid if in G is defined a binary operation called the 
product denoted by * such thata *b €G forall a, b €G. 


It is important to mention here that the binary operation * 
defined on the set G need not be associative that is (a * b) *c # 
a * (b * c) in general for all a, b, c € G, so we can say the 
groupoid (G, *) is a set on which is defined a non associative 
binary operation which is closed on G. 

A groupoid G is said to be a commutative groupoid if for 
every a, b € G we have a * b=b * a. A groupoid G is said to 
have an identity element e inGifa* e=e*a=a forallaeG. 


We call the order of the groupoid G to be the number of distinct 
elements in it denoted by o(G) or |G]. If the number of elements 
in G is finite we say the groupoid G is of finite order or a finite 
groupoid otherwise we say G is an infinite groupoid. 


DEFINITION 1.1.3: Let (G, *) be a groupoid a proper subset H 
Gis a subgroupoid if (H, *) is itself a groupoid. 


DEFINITION 1.1.4: 4 groupoid G is said to be a Moufang 
groupoid if it satisfies the Moufang identity (xy) (zx) = (x(vz))x 
for all x, y, zinG. 


DEFINITION 1.1.5: 4 groupoid G is said to be a Bol groupoid if 
G satisfies the Bol identity ((xy) z) y = x ((vz) y) for all x, y, z in 
G. 


DEFINITION 1.1.6: 4 groupoid G is said to be a P-groupoid if 
(xy) x =x (yx) for all x, vy €G. 


DEFINITION 1.1.7: 4 groupoid G is said to be right alternative 
if it satisfies the identity (xy) y = x (vy) for all x, y € G. 
Similarly we define G to be left alternative if (xx) y = x (xy) for 
allx,y €G. 


DEFINITION 1.1.8: 4 groupoid G is alternative if it is both right 
and left alternative, simultaneously. 


DEFINITION 1.1.9: A groupoid G is said to be an idempotent 
groupoid if x’ = x for allx € G. 


DEFINITION 1.1.10: Let G be a groupoid. P anon empty proper 
subset of G, P is said to be a left ideal of the groupoid G if 1) P 
is a subgroupoid of G and 2) For allx € Ganda € P, xa € P. 

One can similarly define right ideal of the groupoid G. P is 
called an ideal if P is simultaneously a left and a right ideal of 
the groupoid G. 


DEFINITION 1.1.11: Let G be a groupoid A subgroupoid V of G 
is said to be a normal subgroupoid of G if 


I. aV=Va 
2. (Vx)y = V(xy) 
3. y(xXV) = (vVXy)V 


for allx, y,a EV. 


DEFINITION 1.1.12: 4 groupoid G is said to be simple if it 
has no non trivial normal subgroupoids. 


Example 1.1.1: The groupoid G given by the following table 
is simple. 


a0 
a} 
a2 
a3 
a4 
a5 
a6 


It is left for the reader to verify (G, *) = {ao, a1, a2, ... , 46, 
*} has no normal subgroupoids. Hence, G is simple. 


DEFINITION 1.1.13: 4 groupoid G is normal if 


I. xG=Gx 
2. G(xy) = (Gx)y 
3. y(xG) = (WXJG 


for allx,y €G. 


DEFINITION 1.1.14: 4 Smarandache groupoid G is a groupoid 
which has a proper subset S, S < G such that S under the 
operations of G is a semigroup. 


DEFINITION 1.1.15: Let G be a Smarandache groupoid (SG) if 
the number of elements in G is finite we say G is a finite SG, 
otherwise G is said to be an infinite SG. 


DEFINITION 1.1.16: Let G be a Smarandache groupoid. G is 
said to be a Smarandache commutative groupoid if there is a 
proper subset, which is a semigroup, is a commutative 
semigroup. 


For more about groupoids and Smarandache groupoids please 
refer [20] 


1.2 Introduction to Neutrosophic Algebraic Structures 


In this section we just recall some basic neutrosophic algebraic 
structures essential to make this book a self contained one. For 
more refer [8-16]. 

In this section we assume fields to be of any desired 
characteristic. We denote the indeterminacy by ‘I’, as 1 will 
make a confusion, as it denotes the imaginary value, viz. i° =—1 


that is V—1 =i. The indeterminacy I is such that I. 1=17 =I. 


Here we recall the notion of neutrosophic groups. 
neutrosophic groups in general do not have group structure. 


DEFINITION 1.2.1: Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = {(G 
oa ey 2 


Example 1.2.1: Let Z, = {0, 1, 2, ..., 6} be a group under 
addition modulo 7. N(G) = {(Z7 U I), ‘+’? modulo 7} is a 
neutrosophic group which is in fact a group. For N(G) = {a + bl 
/ a, b € Z7} is a group under ‘+’ modulo 7. Thus this 
neutrosophic group is also a group. 


Example 1.2.2: Consider the set G = Z; \ {0}, G is a group 
under multiplication modulo 5. N(G) = {(G U J), under the 
binary operation, multiplication modulo 5}. 

N(G) is called the neutrosophic group generated by G U I. 
Clearly N(G) is not a group, for ’ = I and I is not the identity 
but only an indeterminate, but N(G) is defined as the 
neutrosophic group. 


Thus based on this we have the following theorem: 


THEOREM 1.2.1: Let (G, *) be a group, N(G) = {(G UL), *} be 
the neutrosophic group. 

1. | N(G) in general is not a group. 

2. | N(G) always contains a group. 


Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z; \ {0} UIT) =G= (1, 2, 4, 3, I, 
21,41, 3 I}; Gis not a group under multiplication modulo 5. In 
fact {1, 2, 3, 4} is a group under multiplication modulo 5.N(G) 
the neutrosophic group will always contain a group because we 
generate the neutrosophic group N(G) using the group G and I. 
SoG c N(G); hence N(G) will always contain a group. 


Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 
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DEFINITION 1.2.2: Let N(G) = (G Ul) be a neutrosophic group 
generated by G and I. A proper subset P(G) is said to be a 
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group of G. 


Example 1.2.3: Let N(Z2) = (Zz U I) be a neutrosophic group 
under addition. N(Z2) = {0, 1, I, 1 + I}. Now we see {0, I} is a 
group under + in fact a neutrosophic group {0, 1 + I} is a group 
under ‘+’ but we call {0, I} or {0, 1 + I} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, I} and {0, 1 +I} will be only called as pseudo 
neutrosophic groups (subgroups). 


We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 


Now we see a neutrosophic group can have substructures 
which are pseudo neutrosophic groups which is evident from 
the following example: 


Example 1.2.4: Let N(Z4) = (Z4 U I) be a neutrosophic group 
under addition modulo 4. (Z4 U I) = {0, 1, 2, 3, 1, 1 + I, 21, 31, 1 
PQ od 2 Lo 212 S13 ae 32d 3 Shs OC Zag) 
D)=4. 

Thus neutrosophic group has both neutrosophic subgroups 
and pseudo neutrosophic subgroups. For T = {0, 2, 2 + 2I, 2I} is 
a neutrosophic subgroup as {0 2} is a subgroup of Z4 under 
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group 
under ‘+’ modulo 4. 


DEFINITION 1.2.3: Let K be the field of reals. We call the field 
generated by K UI to be the neutrosophic field for it involves 
the indeterminacy factor in it. 


We define I? =I, 1+ 1=2lie, 1+...+]=nl, andifk eK 
then k.I = kI, OI = 0. We denote the neutrosophic field by K(1) 
which is generated by K UI that is K(I) = (K UI) (K UT) 
denotes the field generated by K and I. 


Example 1.2.5: Let R be the field of reals. The neutrosophic 
field of reals is generated by R and I denoted by (R U I) i.e. R(1) 
clearly RC (RU IJ). 


Example 1.2.6: Let Q be the field of rationals. The neutrosophic 
field of rationals is generated by Q and I denoted by Q(I). 


DEFINITION 1.2.4: Let K(1) be a neutrosophic field we say K(1) 
is a prime neutrosophic field if K(I) has no proper subfield, 
which is a neutrosophic field. 


Example 1.2.7: Q(1) is a prime neutrosophic field where as R(I) 
is not a prime neutrosophic field for Q() < R(J). 


DEFINITION 1.2.5: Let K(I) be a neutrosophic field, P — K(1) is 
a neutrosophic subfield of P if P itself is a neutrosophic field. 
K(D) will also be called as the extension neutrosophic field of 
the neutrosophic field P. 


We can also define neutrosophic fields of prime characteristic p 
(p is a prime). 


DEFINITION 1.2.6: Let Z, = {0,1, 2, .... p— 1} be the prime field 
of characteristic p. (Z, UI) is defined to be the neutrosophic 
field of characteristic p. Infact (Z, UI) is generated by Z, and I 
and (Z, UI) is a prime neutrosophic field of characteristic p. 


Example 1.2.8: Z; = {0, 1, 2, 3, ..., 6} be the prime field of 
characteristic 7. (Z7 U I) = {0, 1, 2, ..., 6, I, 2], ..., 61, 1 + 1, 1 + 
2I, ...,6+ 61 } is the prime field of characteristic 7. 


DEFINITION 1.2.7: Let G(I) by an additive abelian neutrosophic 


group and K any field. If G(I) is a vector space over K then we 
call G(1) a neutrosophic vector space over K. 
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Elements of these neutrosophic fields will also be known as 
neutrosophic numbers. For more about neutrosophy please refer 
[8-15]. We see Z,I = {al | a € Z,} is a neutrosophic field called 
pure neutrosophic field. Likewise QI, RI and Z,I are 
neutrosophic fields where p is a prime. Thus Z;I = {0, I, 2], 3], 
AI} is a pure neutrosophic field. 

Pure neutrosophic structures as QI or RI or Z,I cannot 
contain any real numbers. However 0.1 = 0, so 0 belongs to 
them. 


Chapter Two 


NEW CLASSES OF GROUPOIDS 


This chapter introduces seven new classes of groupoids and has 
seven sections. Section one introduces the new class of matrix 
groupoids using Z, or Z or Q or R or C. Polynomial groupoids 
of five levels are introduced in section two. Special interval 
groupoids are introduced in section three. Polynomial interval 
groupoids are introduced in section four. Section five introduces 
interval matrix groupoids. Smarandache interval groupoids are 
introduced in section six and in the final section we give the 
new classes of groupoids built using intervals. 


2.1 New Classes of Matrix Groupoids 
In this section we introduce a new class of matrix groupoids and 
neutrosophic matrix groupoids and analyse a few of their 


properties. Throughout this book (x), X2, ..., Xn) represents a row 
matrix with entries x; € Z, or any ring or field; 1 <1 <n. This 
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row matrix will be known as usual or real row matrix. If x; € 
Z,1 or N(Z,) or QI or ZI or RI or N(Q) or N(Z) or N(R) then we 
call the row matrix (x), ..., X,) to be a neutrosophic row matrix. 
Likewise we define 


yi 
Yon 


if y; € Z, or Q or R or Z to be a usual column matrix and if y; € 
Z,l or QI or RI or N(Z,) or N(Q) or N(R) as column 
neutrosophic matrix 1 <i<m. 

A matrix Myxm = (mij) with mj in Z, or Q or R or Z will be 
known as the real matrix and if they belong to N(Z,) or ZI or Z,I 
or N(Z) or N(Q) or QI or N(R) or RI will be known as the 
neutrosophic matrix. With this understanding we proceed onto 
describe and define some new classes of groupoids. 


DEFINITION 2.1.1: Let G = {(x, ..., X,) |x; €Zyy 1 Si Snfm= 
3 be a collection of 1 x n row matrices with entries from the 
modulo integer Z,, Define * a binary operation on G as follows 
(Qi ee lO we Va 

Otis xs Ky) PUN Sa Va) 

= (tx; + uy;(mod m), tx, + uy2(mod m), ..., (Xp + UVp) 

(mod m)) 
where t, u € Z, \ {0}, t Zu and (t, u) = 1 for all (x), x2, «.., Xn), 
(Vp V2 +» Vy) € G. We define (G, *, (t, u)) to be a row matrix 
groupoid using Z;. 


We will illustrate this situation by some simple examples. 
Example 2.1.1: Let G = {(X1, X2, X3) | Xi € Z4; 1 <1 <3}. Define 


* on G by (Xj, Xo, X3) * (Yi, Yo, Y3) = 2 (Xi, X2, X3) + 301, 2, Y3) 
where 2, 3 € Z4\ {0} and (2, 3) =1. 


Take 

(3,2,1)*(,0,3) = 26,2, 1)+3Q, 0, 3) 
= (202)+@601) 
= (103). 


Consider (3 2 1) * [(1 0 3) * (0 2 2)] and [(3 2 1) * (10 3)] * (0 


2 2). We see 
[(3 2 1) *(1 03)] * (02 2) = (103)* (022) 

= (202)+(022) 

= (220) (1) 
(32 1)* [C1 03) * (02 2)] = (321)*[(202)+(022)] 


= (321)*(220) 
= (202)+(220) 
= (022) (2) 


(2 2 0) # (0 2 2). Thus the operation * is non associative. Thus 
(G, *, (2, 3)) is a 1 x 3 row matrix groupoids built using Z4. 
We see | x 3 row matrix groupoids using Z, with (t, u) = (1, 
2) or (2, 1) or (1, 3) or (3, 1) or (2, 3) or (3, 2). 
Thus we have 6 distinct | x 3 row matrix groupoids built 
using Z4. 


Example 2.1.2: Let G = {(xX1, Xo, X3, X4, Xs, X6) | Xi € Z73 1 Si 
6}. Take (t, u) = 5, 6); (G, *, (t, u)) = (G, (5, 6), *) isa 1 x 6 row 
matrix groupoid built using Z;. We have 22 distinct 1 x 6 row 
matrix groupoids built using Z7. It is left for the reader to find 
the number of | x m matrix groupoids built using Z,. 


We can in the definition 2.1.1 replace Z, by Z or Q or R. In 
these cases we will get infinite number of row matrix groupoids 
of infinite order. By order of a groupoid G we mean the number 
of distinct elements in G. If G has finite number of elements we 
call G a finite groupoid and if G has infinite number of elements 
then we call G to be an infinite groupoid. We will just illustrate 
them by some simple examples. 


Example 2.1.3: Let G = {(X1, Xo, ..., X12) | Xi € Z, 1 <1 < 12}; 
take (t, u) = (15, —16) {G, * (15, —16)} is a 1 x 12 row matrix 
groupoid constructed using Z. We see the order of G is infinite. 
Further we have infinite number of pairs (t, u) with t, u € Z, (t# 
u, (t, u) = 1). Thus there are infinite number of 1 x 12 row 
matrix groupoids built using Z. It is left for the reader to check 
whether G is associative. 
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Example 2.1.4: Let G = {(X), X2, ..., X7)/ x € R3 1 <i< 7}. 
Take (t, u) = (0.7, — 1.52) e Rx R. {G, *, (t, u)} isa 1 x 7 row 
matrix groupoid built using reals R. 

Clearly cardinality of G is infinite and we can construct 
infinite number of | x 7 row matrix groupoids using R. 


Next we proceed on to build a new class of column matrix 
groupoids using Z, or R or Q or Z. 


DEFINITION 2.1.2: Let G = {(x), X2 «00, Xp)’ | x1 E Zysy 1 Si <n} 
be the collection of all n x I column matrices with entries from 
Zm Choose t,u € Z,, \ {0}; t Zu, (t, u) = 1. For (x1, ..., X,)' and 
(Vp, +s Yn)’ € G. Define 


Me Mi IX, uy; 
Cyl Og Se =| 2 eS AR 
x; Vn IX, Uy , 
tx, +uy, (mod m) z, 
= =|: | eG. 
tx, + uy, (mod m) Z 


Thus (G, (t, u), *) is a groupoid. This groupoid will be known as 
the n x 1 column matrix groupoid built using Zn. 


We will illustrate this situation by some examples. 
Example 2.1.5: Let 
G= 4| x, ||x,; €Z 


pbStsD 


be the collection of all 5 x 1 column matrices with entries from 
Zi2. Choose t = 2 and u = 3; (t, u) = 1. (G, (2, 3), *) isa5 x 1 
column matrix groupoid. Select 


10 3 1 

2 2 0 
a=|0/,b=]11] andc=|9| €G 

0 0 2 

1 0 0 


To prove (a * b) *c #a* (b *c). 


Consider 

10 3 1 
2 0 
(a*b)*c =|] 0 |*/ 11] /*|9 
0 0 2 
1 0 0 
8 9 1 > 1 
4 6 0 10] |0 
=|//0/+/9]/*/9] =| 9 |*/9 
0 0 2 2 
2 0 0 0 

10 3 1 

8 0 8 

=| 6 |/+/3/=|9 (1) 
0 6 6 
4 0 4 


Now a* (b*c) 
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10 3 1 10 6 3 
Z 2) |0 2 4 0 
SOP Ph PE Oy Ot Oe 
0 Oe 2 0 0 6 
l 0} |0 1 0 0 
10| |9 8] |3 11 
2 4 4/ |0 4 
=| 0 /*|1)=|0]*/ 3] =] 3 (2) 
0 6 0| | 6 6 
1 0 2| |0 2 
Clearly 
1 11 
8 4 
9|4| 3 
6 6 
4 2 


Hence (G, *, (2, 3)) is a groupoid as the operation * in general is 
non associative. 


Example 2.1.6: Let 
Xj 
G= 4| x, |x, €Z,.;31<1<3 


X, 


be the collection of all 3 x 1 column matrices with entries from 
Zy9. Choose (t, u) = (8, 9). It is easily verified (G, *, (8, 9)) is a3 
x 1 column matrix groupoid built using Zj9, integers modulo 19. 
However in the definition 2.1.2 we can replace Z, by Q or Z or 
R and still (G, *, (t, u)) will be the m x 1 column matrix 
groupoid. The only difference will be those built using Z, will 


20 


be column matrix groupoids of finite order where as the 
groupoids built using Z or R or Q will be infinite groupoids. 

Further the number of n x 1 column matrix groupoids using 
Zm (for a fixed n and m) will be finite where as the number of n 
x 1 column matrix groupoids built using Z or Q or R will be 
infinite in number. 

Just we will give only examples of a column matrix 
groupoid of infinite cardinality before we proceed onto define 
the notion of m x n matrix groupoids m4 1,n4#1(m=norm# 
n can occur). 


Example 2.1.7: Let 


G= x, €Z;1<i1<4 


be the collection of all 4 x 1 column matrices with entries from 
the set Z. Choose (t, u) = (5, —12). Clearly (G, (5, —12), *) is a4 
x 1 column matrix groupoid of infinite order. 

The reader is left with the task of verifying * on G is non 
associative in general. 


Example 2.1.8: Let 


G= x, €Q;1<1<8 


be the collection of all 8 x 1 column matrices with entries from 
Q. Define * using (t, u) = (-7/8, 5/19) € Q x Q. Clearly (G, *, 
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(—7/8, 5/19)) is a 8 x 1 column matrix groupoid. It is easily 
verified that (G, *, (—7/8, 5/19)) is a groupoid of infinite 
cardinality. 

Now we proceed onto define substructures in these 
groupoids. 


DEFINITION 2.1.3: Let (G, *, (t, u)) be a row (column) matrix 
groupoid H CG (H be a proper subset of G); we call (H, (t,u), 
*) to be a row (column) matrix subgroupoid of G if (H, (t, u), *) 
is itself a row (column) matrix groupoid of G. 


We will illustrate this be examples. 


Example 2.1.9: Let G = {(X1, X2, X3, X4, Xs, X6) | Xi € Zio, 1 <1 
6} be the collection of all 1 x 6 row matrices. Choose (t, u) = (5, 
8) € Zio X Zi. (G, (t, u), *) is a row matrix groupoid built using 
Z 2. Take H = {(x, x, x, x, x, x) /x € Z).} CG; {H, *, (5, 8)} 1s 
a row matrix subgroupoid of {G, *, (5, 8)}. 


Example 2.1.10: Let G = {(X, X2, X3, X4) | Xi € Q, 1 <1 <4} bea 
1 x 4 row matrices with entries from Q. Take (t, u) = (7/2, — 5); 
(G, (7/2, —5), *) is a 1 x 4 row matrix subgroupoid. Take H = 
{(x, 0, y, Z1) | xX, y, Z1 € Q} CG; {H, *, (7/2, -—5)} isa l x 4 row 
matrix subgroupoid of {G, *, (7/2, — 5}. 


Example 2.1.11: Let 
a, 
a, 
a, 
G= a, €Z,,3151<56 
a, 
as 
as 


be the collection of all 6 x 1 column matrices with entries from 
Z 7. {G, *, (9, 8)} is a6 x 1 column matrix groupoid built using 
Z17. Take 
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{H, *, (9, 8)} is a6 x 1 column matrix subgroupoid of G. 


Example 2.1.12: Let 
a, 
a, 
G= 5| a, |Ja, eR3l<1<5 
ay 
as 


be the collection of all 5 x 1 column matrices with entries from 
R. (G, 2/17 ), *) is a 5 x 1 column matrix groupoid built 
using R. Take 


aeR; cG. 


ae 
ll 
2 © © 


0 
(H, CAD Ts Fy (G) CV2,4/17 ), *) is a 5 x 1 column 


matrix subgroupoid of G built using R. 


DEFINITION 2.1.4: Let G = Mism = {(mj); 1 Si Sn, 1sj sm be 
an xm matrix with entries from Z, or R or Q or Z}. Choose t, u 
€ Z, or R or Q or Z such that t #u, (t, u) = 1. Define * on G; 
for two matrices M = (m,) and N = (nj) as 

M*N = (my) * (ny) 
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(tm, + unj) 
P. 
P is an xm matrix in G. Thus (G, (t, u), *) isan xm 
matrix groupoid built using Z, (or R or Q or Z). 


We will illustrate this situation by examples. 


Example 2.1.13: Let 


a bee 
G — 
{: d (| 
be the collection of all 2 x 3 matrices with entries from Z». Take 


(t, u) = (5, 6); we see {G, *, (5, 6)} is a 2 x 3 matrix is a 
groupoid with entries from Zo. 


smedesteZ| 


Example 2.1.14: Let 
a, a, 
a, a, 
G= a, €Q;1<i<8 
as a¢ 
as). as 


be the collection of all 4 x 2 matrices with entries from Q. Take 
(u, v) = (7, —3/2) from Q x Q. (G, (u, v), *) is a 4 x 2 matrix 
groupoid with entries from Q. 


Example 2.1.15: Let G = {All 9 x 9 upper triangular matrices 
with entries from R}. Choose (t, u) = (V3 SAT) ). It is easily 


verified (G, (43,27 /2), *) is a9 x 9 matrix groupoid with 
entries from R. 


Example 2.1.16: Let 


a5 2] 


a ez1sisa| 
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Choose (t, u) = (2, 1), (G, *, (2,1)} 1s a 2 x 2 matrix groupoid. 
The operation carried out in G is in general non associative. 


Let 
2 1 
A = 
and 


in G. 


3-6 3-6 Je 


2° 2 
Take C = eG 
0 2 


wore JG 
Ga 
{J} 8 
ww IL HE 3 


ij) 
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0 1 2 2 
# : 
0 2 0 0 
Thus the operation * defined in G in general is non 
associative. 


As in case of row (and column) matrix groupoids we can 
define the notion of matrix subgroupoids. We will only give one 
example of a matrix subgroupoid. 


Example 2.1.17: Let 


a b g 
G=j\c d h|ja,b,g,c,d,h,e,f,ieZ>. 
eo 


i 


{G, *, (3, -2)} is a matrix groupoid built over Z. 
Let 


aaa 
H=,\|a a ajlljaeZ;> cG; 


aaa 


{H, *, (3, —2)} is a matrix subgroupoid of {G, *, (3, —2)}. 

We see all matrix groupoids built using Z, (n < 0) modulo 
integers are finite where as all matrix groupoids built using Z or 
R or Q are nZ are of infinite order. 

We as in case of general groupoids say a matrix groupoid G 
is a matrix P-groupoid if (AB)A = A (BA), for all A, B € G. 

We say a matrix groupoid G is said to be right alternative if 
(AB)B = A(BB) for all A, B € G. 

We will call a matrix groupoid G to be an idempotent 
groupoid if A* = A for all A € G. 

As in case of general groupoids we in case of matrix 
groupoids also define the notion of right ideal, left ideal and 
ideal. 
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We also call a matrix subgroupoid V of G to be a normal 
subgroupoid if 
aV=Va 
(Vx) y = V(xy) 
y (xV) = (yx) V 
for all x, y,a € V. 
A matrix groupoid G is normal if 
xG = Gx 
G (xy) = (Gx)y 
y (xG) = (yx)G 
for all x, y € G. 
Now we define yet another class of matrix groupoids. 


DEFINITION 2.1.5: Let G = {row matrix or column matrix or a 
m Xn matrix with entries from Z, or Q or Z or R} ‘or’ is used in 
a mutually exclusive sense. 

Now choose t, u € Z, (or Z or Q or R) such that t Zu but (, 
u) #1. Then if for x, y € G define x * y = tx + uy then (G, (t, u), 
*) is a matrix groupoid of type I which is different from those 
defined earlier. 


We illustrate it by some examples. 

Example 2.1.18: Let G = {all 2 x 2 upper triangular matrices 
with entries from Zs}. Choose (t, u) = (2, 4); 2, 4 € Zs. Now {G, 
* (2, 4)} 1s a matrix groupoid. 


We will just show how * is defined. 
Take 


CAG IG Je 
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We see (G, (2, 4), *) is a finite groupoid. If we do not 
permit (t, u) = 1 we see this class of matrix groupoids Le., 
matrix groupoids of type I form a disjoint class from the matrix 
groupoids in which (t, u) = 1. 

Now as in case of the other matrix groupoids of type I we in 
case of these groupoids also define all the properties without 
any modifications. 


Example 2.1.19: Let 
Xj 
Xo 
G= 4x, ||k:eZi1=1,2,3,4,5 
X4 
x 


choose (t, u) = (5, 10); 5, 10 € Z. {G, *, (5, 10)} is a matrix 
groupoid of type I of infinite order. 


Now we proceed onto define matrix groupoids of type II. 


DEFINITION 2.1.6: Let G = {collection of all row matrices or 
column matrices or m xn matrices with entries by Z, or Q or Z 
or R} ‘or’ is used in a mutually exclusive sense. 

Now choose t, u such that u = t. Then (G, *, (t, t)) is another 
new class of matrix groupoids which we choose to call as 
matrix groupoids of type II. Clearly class of type I matrix 
groupoids are disjoint from the class of type II groupoids. 
Further they are also disjoint from the usual class of matrix 
groupoids. 


We will give some examples and discuss a few properties about 
them. 


Example 2.1.20: Let G = {(x1, X2, X3, X4, Xs, X6, X7) / Xi € Za, 1 
<1< 7} be 1 x 7 row matrix built using Z>. 

Take t = 8; {G, *, (8, 8)} is a row matrix groupoid of type 
IL. 


28 


Z=(1, 1, 3, 2, 2, 01), (3, 2, 01, 20, 18, 7) =X and Y =(1, 
20, 4, 0, 7, 17,3) eG. 


Z* (X * Y) 
= Z*[(3,2, 0, 1, 20, 18, 7) * (1, 20, 4, 0, 7, 17, 3)] 
= Z* (3, 16,0, 8, 13, 18, 14) + (8, 13, 3, 0, 14, 10, 3)] 
= (1,1,3,2,2, 0,1) * (11, 8, 3, 8, 6, 7,17) 
= (8,8, 3, 16,16, 0,8)+(11, 3, 3, 3, 6, 14, 10) 
= (19,11, 6, 19, 1, 14, 18) (1) 


(Z*X) *Y 

= {(1,1,3,2,2, 0,1) * (3,20, 1, 20, 18, 7)} * 

(1, 20, 4, 0, 7, 17, 3) 

= [(8, 8, 3, 16, 16, 0,8) +(3 1608 13 18 14)]* 

(1, 20, 4, 0, 7, 17, 3) 

= (11,3,3,3, 8, 18, 1)+(8, 13, 11,0, 14, 10, 3) 

= (19, 16, 14,3, 1,7, 4) (2) 


We see (19, 11, 6, 19, 1, 14, 18) # (19, 16, 14, 3, 1, 7, 4). Thus * 
iS non associative. 

Now we derive some properties of these matrix groupoids 
of type II. 


THEOREM 2.1.1: The matrix groupoids (G, *, (t, t)) are matrix 
P-groupoids. G is the collection of row (or column or m xn 
matrix) with entries from Z;. 


Proof: Let A = (mj) and B = (n;) be row (or column or m x n) 
matrices with entries from Z,. Let t € Z,. To prove G is a P- 
matrix groupoid, we have to prove (A * B) * A=A * (B* A), 


Now 
(A*B)*A = = (mij) * (ny) * (mj) 
= (tm) + (tn) * (mij) 
= (t'my) + (ny) + (tm) (1) 
Consider 
A*(B*A) = (my) * (tay) + (tm) 
= tmy + tnt tm, (2) 
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We see 
A * (B*A) = (A*B) * A 
Thus (G, (t, t), *) is a matrix P-groupoid of type II. 


COROLLARY 2.1.1: We see if G = {(mj) /mj € Z or Q or R} {G, 
* (t, t)) is a matrix P-groupoid of type II. 


Proof is left as an exercise to the reader. 


THEOREM 2.1.2: {G, *, (4 t)}; G is row (or column or m x n) 
matrix with entries from Z,, p a prime. {G, *, (t, )); 1< t < n} is 
not an alternative matrix groupoid. 


Proof: To show {G, *, (t, t); 1 < t < n} is not an alternative 
matrix groupoid we have to show (x * y) * y # x (y * y) for 
some x, y € G. (x = (mj) and y = (nj). Consider 


(x *y)*y = (Cm) * (ni) * (aij) 
= (t (mj) + t (ny)) * (ny) 
t° (my) + t” (ng) + t (ny) 
= t’ (mj) + (+t) (ny) (1) 


x *(y *y) = (mj) * (t nj + t nj) 
tm, EF i Nij =F a Nij 
= tmy + 2t” (nj) (ID) 


Now I and II are identical if and only if t? = t (mod p). But 
this is impossible as p is a prime. Hence I and II are never 
identical for 1 <t<n. 

Thus (G, * (t, t,)) is not a matrix alternative groupoid of 
type II. 


THEOREM 2.1.3: Let (G, * (¢, t)) be a matrix groupoid of type 
two built using Z, (G, *, (t, t)) is an alternative groupoid if and 
only iff =t (mod n). 


Proof: Let A = (mj) and B = (nj) be any two matrices in G 
entries of A and B are from Z,. 
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(A*B)*B = — [(mij) * (n4)] * (ni) 
= (tm, + tn) x (ny) 
= (t? mj +t Nij) oF tnij) 
= (tmjj + tnij +t Nij) as t =t (mod p) 


A*(B*B) = = (mj) * (ny * ny) 
= — (mj) * (ty + tny) 
> t Mij t Nij a i Nij 
a tm; oe tnjj or tnjj (as t =t (mod p)). 


Thus A * (B * B) = (A * B) * B. Hence (G, (t, t), *) is an 
alternative matrix groupoid of type I. Also all matrix groupoids 
of type II are commutative. 

Next we proceed onto define the notion of matrix groupoids 
of type III. 


DEFINITION 2.1.7: Let G = {set of all column matrices or row 
matrices or m xn matrices with entries from the field QO or ring 
Z or R or Z,) ‘or’ is in the mutually exclusive sense. We define 
for any A, B € G(A, B can be a row matrix or column matrix or 
am Xn matrix with entries for Z, or Q or Z or R) ‘or’ used in 
both the places only in the mutually exclusively sense. A * B = 
tA + uB where u or t is zero u, t € Z, (or Z or R or Q) we define 
(G, * (t, u); u = 0, or t = 0) to a matrix groupoid of type III. 


We will illustrate this by the following examples. 


Example 2.1.21: Let G = {(aj, a2, a3, 44,85, a) | ai € Zg3 | Si < 
6} be the set of all 1 x 6 row matrices with entries from Zs. 
Define * on G as follows choose (3, 0) = (t, u) and for A, B € 
G. 

Define A * B = 3A + OB then (G, (3,0), *) is a matrix 
groupoid of type III. We see for (5, 3, 2, 1, 6, 7) = A and B = (1, 
0, 6, 5, 3, 2) 


A*B 


3 (5, 3, 2, 1,6, 7) +0(106532) 
(7, 1, 6, 3, 2, 5) eG. 


Take C = (2, 1, 0, 7, 5, 3); now 


DL 


(A*B)*C = 3(7,1,6,3,2,5)+0(2, 1,0, 7,5, 3) 


= (53525 150, 7): I 
Consider 
A * (B*C) = A*(3(106532)+0(2, 1, 0, 7, 5, 3)) 
= (5,3; 2; 1, 6, 7) * G, 0; 2,7, 1,6) 
= Mie ly Oyae2, 5) iat 


A * (B * C) #(A * B) * C evident from I and II. Thus (G, *, (3, 
0)) is a matrix groupoid of type III. 


THEOREM 2.1.4: (G, *, (0, t)) where G is row (column or m xn 
matrix) matrix with entries from Z,; n is not a prime. Then (G, 
* (0, t)) is a matrix P-groupoid of type III if and only if f = 
t(mod n) 


Proof: Consider A, B € G 


A*(B*B) = (mj) * [(ni) * (ni)] 

(mj) * (t.nj) (where A = (mj) and B = (nj)) 
= t Nij 

= tn, if and only if t =t (mod n). 


Consider 

(A *B)*B = (0+tB)*B 
= 0tB+tB=tB 
= — tj. 


Thus A * (B * B) = (A * B) * B if and only if t? = t (mod n). 
Hence (G, *, (0, t)) is a matrix P-groupoid of type HI. 


THEOREM 2.1.5: Let {G, (t, u), *} be the matrix groupoid with 
(t, u) = 1 with entries from Z,. This matrix groupoid is a 
semigroup if and only iff =t (mod n) andu’ =u (mod n); t,u € 
Zn \ £0} and (t, u) = 1. 


Proof: Given G = {all m x n matrices, 1 <m<oand1<n<o 
with entries from Z,}. 
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Choose t, u € Z, \ {0}; t? =t (mod n), u’ =u (mod ) and (t, 
u) = 1. To show (G, (t, u), *) is a matrix semigroup. 

Let A = (aj), B = (bij) and C = (cj) be three matrices in G. 
Now 


(A*B)*C = ((ai) * (bij) * (ci) 
= — ((tai) + (ubj)) * (ci) 
= (tay) + (tu by) + (uci) 
= taij ec (tub;j) rr uci I 
as t’ = t (mod n). 
Consider 
A*(B*C) = (aij) * (bij) * (Ci) 
= (aj) * ((tbi) * (uci)) 
= (taj) + (tub,) + (uci) (u’ = u (mod n)) 
= (tai) a (tub;;) ae (ucij) I 


I and II are the same. Hence (G, *, (t, u)) is a semigroup. 


Note: If n is a prime (G, *, (t, u)) is never a semigroup as u =u 
(mod n) and t” = t (mod n) can never occur. 


THEOREM 2.1.6: The matrix groupoid (G, *, (t, u)) is an 
idempotent matrix groupoid if and only if t + u =1 (mod n) (G 
is the set of allm xn matrices; 1 <m < coand I1<n < cowith 
entries from Z,}. 


Proof: Given (G, *, (t, u)) 1s matrix groupoid row or column or 
m x n matrix; or in the mutually exclusive sense from Z,. Let A 


— (aij) eG 
A*A = (aj) * (aj) 
taj Bs uaijj 
= (t+u) (aj). 


Now A * A=A implies (aj) = ((t + u) (aj)). That is ((t + u— 1) 
(ai)) = (0). This is possible if and only if t + u= 1 (mod n). 
Hence the claim. 


It is left as exercises for the reader to prove that zero 
matrix is not an ideal of the matrix groupoid (G, *, (t, u)). G 1s 


Se) 


the collection of matrices with entries from Z, and theorem 
Deliehs 


THEOREM 2.1.7: Let (G, *, (t, u)) and (G, *, (u, t)) be a matrix 
groupoids with entries from Z,. P is a left ideal of (G, *, (t, u)) if 
and only if P is a right ideal of (G, *, (u, t)). 

Recall a matrix groupoid (G, *, (t, u)) is simple if and only 
if (G, *, (t, u)) has no normal subgroupoids. 


It is left as an exercise for the reader to prove the following two 
theorems. 


THEOREM 2.1.8: Let (G, *, (t, u)) be a matrix groupoid with 
entries from Z,. Ifn = t + u where both t and u are primes then 
(G, *, (t, u)) is a simple matrix groupoid. 


THEOREM 2.1.9: Let (G, *, (t, u)) be a matrix groupoid with 
entries from Z,, n even and t + u =n with (t, u) = t. Then (G, *, 
(t, u)) has only one matrix subgroupoid of order n/t and it is a 
normal matrix subgroupoid of (G, *, (t, u)). 


From the above theorem the following conclusion is obvious. 


THEOREM 2.1.10: Let (G, * (¢, u)) be a matrix groupoid with 
entries from Z,, n even with (t, u) = tand t + u =n. Then (G, *, 
(t, u)) is not a simple matrix groupoid. 

We say as in case of usual groupoid a matrix groupoid (G, 
* (t, u)) is a Smarandache matrix groupoid if (G, *, (t, u)) has a 
matrix subgroupoid (H, *, (t, u)) which is a matrix semigroup. 


Example 2.1.22: Let G = {(X1, X2, X3) | Xi € Zio; 1 <1 <3} bea 
collection of row matrices with entries from Zo. 

Define * on G by (aj) * (bj) = (aij) + (5-b;j)) (mod n) for all 
(aij), (bij) € G. (G, *, C1, 5)) is a matrix groupoid built using Zjo. 
H = {(0 0 0), (5 5 5)} *, (1, 5)) is a matrix semigroup. Hence 
(G, *, (1, 5)) is a Smarandache matrix groupoids. 

As in case of groupoids we can define in case of 
Smarandache matrix groupoid (G, *, (t, u)) Smarandache matrix 
subgroupoid (H, *, (t, u) if (H, *, (t, u)) is a matrix subgroupoid 
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of (G, *, (t, u)) and H has a proper subset (K, *, (t, u)) such that 
(K, *, (t, u)) is a matrix semigroup. 


The following theorem can be proved by any interested reader. 


THEOREM 2.1.11: Every matrix subgroupoid of a matrix 


groupoid (G, *, (t, u)) need not in general be a Smarandache 
subgroupoid of (G, *, (t, u)). 


The reader is expected construct examples of the above claim. 

Almost all properties enjoyed by groupoids can be derived 
in case of matrix groupoids more so the Smarandache 
properties. 

Also these matrix groupoids are both finite and infinite. We 
can also study about properties like isomorphism and 
homomorphism of matrix groupoids. Interested reader is 
expected to do this regular exercise. However the final chapter 
contains problems for the reader. 


2.2 Polynomial Groupoids 


In this section we introduce for the first time, the notion of 
polynomial groupoids built using Z,[x], n < ©, or Z[x] or R[x] 
or Q[x]. 

Some operation is defined on these sets so that the set 
together with the operation becomes a groupoid which we call 
as polynomial groupoids. 

We follow the notation if aj + ayx + ... + ax" is a 
polynomial of degree n then it is represented by the n + 1 tuple 
(ap , a1, ... 5 An), a} © Z, Or R or Q or Z, 0 <i <n ‘or’ used in the 
mutually exclusive sense. (0, 0, ..., 0) denotes the zero 
polynomial 0 + Ox + ... + Ox". Thus x° + x + 1 is represented by 
(1 101). x°+ 2x + 1 is represented by (1, 2, 0, 0, 0, 0, 1) and so 
on. Now we proceed onto define polynomial groupoids using 
Zn 


DEFINITION 2.2.1: Let f(x) = ag + ... + Ay Xp, and bo + ... + byXy 
= g(x) be two polynomials in Z” [x], where Z” [x] denotes the 


a 


collection of all polynomials of degree less than or equal to n 
with coefficients from Zp» (m < 0; n < oO). 

We define f (x) * g (x) as follows f(x) = (ao, a}, ..., Ay) and 
2(x) = (bo, by «.., By) 


tO) * 26) = (ao ap, ..., An) * (bo by, ..., by) 
(agb1, a,b» esis An1On An) 
ap bb; + ayby x + 0 + yy bn x"! + a,x" 


h(x) € Z;" [x] (multiplication of a;b; is modulo 


m). 

Thus the coefficients are reshuffled in this way. (Z"" [x], *) 
is defined as the polynomial groupoid of degree n with entries 
from Zn. If 


2(x) =agtapxt+... + a,x" 
h(x) = bo + by x +... + by x" 
t(x) =to t+ tpx +... +t, x" 
Qi, bi, t; € Lm; ISisn. 


(a(x) * A (0) * (x) = (ag Ap on An) * (Dey ones By) ® (toy vues ty) 
= (ag b, aybo... Ay-] b, An) = (to, bi nsx t,) 
= (ao bits, Arbot2, ..., An-1 0 ty An) I 


g(x) *h (x) * tx) = g(x) [(bo by, «.., by) * (to th 5 te) 
= (ao, Alpes a) (bo ti, b, to, ator b,1 ty b,) 
= (agbr to, ay bz ts, 2.5 Gp On, Ay) I 


Clearly the polynomials given by I and II are different. Thus 
the operation * in general is non associative. 
We will first illustrate this by some simple examples. 


Example 2.2.1: Let G = {(X1, X2, X3, X4,Xs) / xi € Zs, 1<i<5} all 
polynomials of degree less than or equal to four with 
coefficients from Z;. Define * on G as follows. 
Let 
f(x) = 3x? + 4x + 1 =(1, 4, 3, 0, 0) 
and 
g (x) =4x'+x?+4=(4, 0,0, 1, 4) 
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I(x) * g(x) -=- (154, 3,050) * 4,0; 0; 1,4) 
3, 0, 0) 


g(x) * f(x) = (40014)*(14300) 
= (10004) 
= 1+4x*. 


We see in the first place in general f(x) * g(x) # g(x) * f(x). 
Now we show ‘*’ is non associative . 


Choose 

h(x) = 3x*+2x?+x?+4x+1 

(1, 4, 1, 2, 3). 
Now 
(f(x) * g(x) *(h&)) == (003.00) * (14123) 
= (00100) 
x’, 

[f(x) * g(x)] * h(x) = x I 
Consider 
f(x) * [g(x) * h(x)] =  f(x)[(40014)* 1412 3)] 


= f(x)*[10034] 
(14300)(1003 4) 
(00400) 

= 4x? Il 


We see I and II are different. 

It is important to mention here that one need not restrain 
one’s study to polynomials with coefficients from Z, (m < 
modulo integers). We can define polynomial groupoids using Z 
or Q or R. It is pertinent to record here that authors have solved 
the open problem proposed in [20] that we can have an infinite 
class of groupoids which are Smarandache groupoids and the 
cardinality of these polynomial matrix groupoids are infinite 
when built over Z or Q or R. 

The following example answers the open problem. 


Example 2.2.2: Let G = {all polynomials of degree less than or 
equal to n} (G, *) is a polynomial groupoid. Take P = {mx" | m 


oe) 


€ Z or R or Q}. (P, *) is a semigroup. Hence (G, *) is a 
polynomial Smarandache groupoid. Take p(x) = 20x", q(x) = 
4x" and r(x) = —5x". 


(p(x) *q(x) * r(x)) = [(0, ..., 0, 20) * (0, 0, ..., 0, 4)] * 


(0, ..., 0, -5) 

= (0,0, ..., 0, 20) * (0,0, ..., -5) 

= (0,0, ...,20) 

= p(x). 

p(x) * [q(x) *1(x)] = [(0, ..., 0, 20) * (0,0, ..., 0, 4] * 

(0, ..., 0, -5) 

= (0,0,...,0, 20) * (0,0, ..., 0, 4) 

= (0,0, ..., 20) 

= p(x) 


Thus * on P is associative. Hence (P, *) is a semigroup in 
(G, *). Thus (G, *) is a polynomial Smarandache groupoid 
which is of infinite order. 

Now we have mainly constructed this class of polynomials 
to show that a solution to the open problem in [20] exists. 

Before we proceed onto define classes of polynomial 
groupoids in a very usual way similar to the one done in matrix 
groupoids, we extend the notion of polynomial groupoids to any 
polynomial ring which has polynomials of all degrees. 

Thus if 


G= {daw 
i=0 


1, e055} 


all polynomials of any degree with coefficients from Z in the 
variable x. Any polynomial 


p(x) = yak = (a, 1, ..-5 Aco)5 
i=0 
ay € Z. If 
q(x) = >b,x' = (bo, bi, ..., bx), 
i=0 


p(x) = q(x) = (ao bi, ay bo, a2 bs, seey A). 
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Thus (G, *) is again an infinite groupoid. 
Now we proceed onto define a different type of operation on G. 


DEFINITION 2.2.2: Let G = {all polynomials in the variable x 
with coefficients form Zp, m < co of degree say less than or 
equal to n}. Define for any p(x) = po + pp X + ... + Pn x" and 
q(x) = qo +1 x + .... + nx" a binary operation * as follows 


P(x) * q(x) = (tpo + Ugo) + (tp1 + ugy) X + ... + (tpn + Uqy)x" 
where t, u € Zy \ {0} (t, u) = 1 and t #u; pi, gi € Zn; O Sin. It 
is easily verified (G, *, (t, u)) is a groupoid. This groupoid is 
defined as polynomial groupoid of type I. 


We will illustrate this situation by some examples. 


Example 2.2.3: Let 


G= p a,x’ 


i=0 


a, €Z,;0<1<5 x an indeterminate}. 


(G, *, (3, 2)) is a polynomial groupoid of finite order of type I. 


Example 2.2.4: Let 


G= p3 a,x! 


a, cZn-<e,0sisn} 
i=0 


all polynomial of degree less than or equal to n with coefficients 
from Z. Choose (22, —81) = (t, u). It is easily verified (G, *, (22 
— 81)) is polynomial groupoid of infinite order and is type I. 

If we consider polynomials P of the form 


n 

iL, . 
Dias ae Ti* 
i=0 


{P, *, (22, —81)} is a polynomial subgroupoid of {G, *, (22, 
—81)}. 


The reader is given the task to prove or disprove (P, *, (22, 
—81) is a semigroup. 
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Example 2.2.5: Let 


G= dae 
i=0 


12,0153] 


all polynomials in the variable x of degree less than or equal to 
3 with coefficients from Z3. 

We see we have only two polynomial groupoids of type I 
constructed in this way. They are {G, *, (2, 1)} and {G, *, (1, 
2). Here it is important to note that we can have infinite 
number of polynomial groupoids built using Z3. This is done by 
varying the degree of the polynomials from 1 to n; n < o. 
However for each degree fixed as m; m < & we can have only 
two distinct polynomial groupoids of type I built using Z3. 


We consider the following examples to give subgroupoids of 
type I. 


Example 2.2.6: Let 


G= » a.x' 


i=0 


a. c%yi0i<3| 


be all polynomials in the variable x with coefficients from Zo of 
degree less than or equal to two. (G, *, (1, 5)) is a polynomial 
groupoid of type I built using Zo. 

Consider 


| [daa 


i=0 


a=Oor | : 
(P, *, (1, 5)) is a polynomial subgroupoid of G. 
Now we proceed onto define type II polynomial groupoids. 


DEFINITION 2.2.3: Let 


G= 3 a,x' 


i=0 


a, £7,030} 
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be all polynomials in the variable x with coefficients from Z, of 
all possible degrees including infinity. Define a_ binary 
operation * on G as follows. 


If 
p(x) = > p;x! and q(x) = > q;x' 
i=0 i=0 
then 


ps) * g(x) = (tp, +g, )x! 


‘+’ modulo n where (t,u) € Z, \{0} but (tu) #1. Then (G,*,(t, u)) 
is defined as the polynomial groupoid of type II built using Z,,. 


Note: Z, can be replaced by Q or Z or R and still polynomial 
groupoid will continue to be of type II groupoid. 


We will illustrate this situation by some examples. 


Example 2.2.7: Let 


12 
G= 3 a.x' 
i=0 


a. cZ0sisi2}, 


all polynomials in the variable x with coefficients from Z) of 
degree less than or equal to 12. Define * on G as follows 


p(x) * q(x) = >) (tp, + ug; (mod 18)x' 


i=0 


where (t, u) = (4, 6) ; 4, 6 € Zig (G, *, (4, 6)) is a polynomial 
groupoid of type II built using Zs. 

We have a very large class of polynomial groupoids of type 
II. We will give some properties enjoyed by them once we 
define two more types of polynomial groupoids. 


DEFINITION 2.2.4: Let 


G= [Saw 
i=0 


a, 62,0180}, 


4] 


all polynomials of degree less than or equal to n with 
coefficients from Zp}. Define the operation * on G as follows: 
for any polynomial 


po) = > px 
and ° 

a) = Ya 
Define “ 


px) * g(x) = > (tp, +ug,) (mod m) x 
i=0 
where t, u € Z, \ {0} and t = u. 


It is easily verified (G, *, (t, t)) is a polynomial groupoid and 
this is defined as a polynomial groupoid of type II. 
We will illustrate this by a few examples. 


Example 2.2.8: Let 


G= {daa 
i=0 


a. £70817} 


all polynomials in the variable x with coefficients from Z.4 of 
degree less than or equal to 7. 
Define * on G by 


p(x) * q(x) = [Spx - Sax’ | 


7 y 
= 5) (4p, + 4q,) (mod 24) x’ 


i=0 


It is easily verified (G, *, (4, 4)) is a polynomial groupoid of 
type III using Z5,. 

We show * in general in non associative. 

Take p(x) = 5x° + 7x + 3, q(x) = 8x° + 4x” + 2x + I and 1(x) 
= x°+ 5x°+ 7x’+ 13 inG. 

Consider 
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(p(x) * q(x)) * r(x) 
= {(5x° + 7x + 3) * (8x° + 4x7 + 2x + 1)} * 
(x° + 5x° + 7x” + 13) 
(20x* + 8x° + 16 + 16x? + 12x) * (x° + 5x° + 7x’ + 13) 
(4x° + 4x° + 3x° + + 20x7+20) I 


Consider 
p(x) * (q(x) * r(x)) 
= (5x°+7x +3) * [(8x° + 4x?+2x+1)* 
(x° + 5x° + 7x’ + 13)] 
(5x° + 7x +3)* [4x° + 8x + 8 + 20x? + 4x°] 
[16x° + 16x° + 20 + 12x + 8x? + 20x’]. Il 


We see I and II are not the same polynomial so the 
operation * in general is non associative. Thus (G, *, (4, 4)) is a 
polynomial groupoid of type III built using Z4. 


Example 2.2.9: Let 


Os [dan 
i=0 


1, €Z,;08i<4} 


all polynomials in the variable x of degree less than or equal to 
4 with coefficients from Z7. 
Define * on G by a * b = 4a + 4b(mod 7) i.e. (G, *, (4, 4)) is 
a polynomial groupoid of type HI. Take 
a= (3x + 2) 
b = (4x’ + 2x + 5) 


and 
c= 6x" + 4x°+ 5x +1. 
(a*b)*c = [(3x+2)* (4x°+2x+5)]* 
(6x* + 4x° + 5x + 1) 
= (6x + 2x’) * (6x* + 4x° + 5x + 1) 
= 3x4+4+4+2x+x?+2x° I 
a*(b*c) = (3x+2)* [(4x? + 2x + 5)*(6x* + 4x? + 5x4 1)] 


(3x + 2) * [3x4 + 2x? + 2x? + 3] 
= [5x+6+5x*+x?+x’] II 
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I and II are different. Hence (G, *, (4, 4)) is a polynomial 
groupoid with entries from Z, of type III. 


Now we proceed onto define type IV polynomial groupoids. 


DEFINITION 2.2.5: Let G = [Sax 5 0 SiSn; a; € Zp} be all 
i=0 


polynomials with coefficients from Z,. Define * on G as g(x) * 
h(x) = [te(x) + Oh()]; t € Zn. {G, *% (4 O)} is a polynomial 
groupoid of type IV with entries from Zn. 


We will illustrate this situation by some examples. 


Example 2.2.10: Let Zs = {0, 1, 2, ..., 7} ring of modulo 
integers eight. Choose 


26 
G= p3 ax 


a, c%i05i526): 
i=0 
all polynomials of degree less than or equal to 26 with 
coefficients from Zg in the variable x. 
Let t=5 € Zs. Define for any two polynomials g(x), h(x) in 
G. g(x) * h(x) = tg(x) + 0 h(x). {G, *, (5, 0)} is a polynomial 
groupoid of type IV with entries from Zs. 


Example 2.2.11: Let 


G= [daa 
i=0 


a. c7Zi0<i5| 


be the collection of all polynomials with entries from Z3, in the 
variable x of degree less than or equal to 5. For p(x), q(x) € G 
define p(x) * q(x) = 4p(x) + Oq(x) = (G, *, (4, 0)} is a 
polynomial groupoid of type IV with entries from Zs. 

Suppose Z,[x] contains polynomials in the variable x with 
coefficients from Z,. Define operation * on Z,[x] by p(x) * q(x) 
= tp(x) + 0q(x), p(x), q(x) € Z,[x] and t € Z, {Z,[x], *, (t, 0)} 1s 
an infinite polynomial groupoid of type IV of infinite order. 
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When t= 1 we get (Z,[x], *, (1, 0)) to be a semigroup where 
p is a prime if in Z,[x]; n is not a prime and 1 #t € Z, \ {0} is 
such that t? = t(mod n) then we see [Z,[x], *, (t, 0)] is a 
semigroup. 


We will illustrate this situation by an example. 


Example 2.2.12: Let Z[x] be a polynomial ring. Let [Z.[x], *, 
(3, 0)] be the polynomial groupoid of type IV. Take 3 € Z, we 
see p(x) * q(x) = 3p(x). 
Now 
(p(x) * q(x)) * r(x) = — Bp(x) + 0) * r(x) 

= — 3p(x) * r(x) 

= 3p(x) (" 3°=3 (mod 6)). 
p(x) * (q(x) * r(x) = p(x) * [3q(x)] 

= 3p(x)+0 

= 3p(x). 


Thus * on Z,¢[x] is associative when t = 3; t € Ze. 

Motivated by this example we see we have for the class of 
polynomial groupoids {Z,[x], *, (t, 0)} fort € Z,, we have some 
of them to be polynomial semigroups, for if t= 1 {Z,[x], *, (, 
0)} is a polynomial semigroup. In view of this we define the 
Smarandache special class of groupoids. 


DEFINITION 2.2.6: Let G(S) = {Class of groupoids defined 
using the same set S}. If G(S) has atleast one semigroup then we 
call G(S) to be a Smarandache Special Class of groupoid. (SSC- 
groupoids). 


We will illustrate this by an example. 


Example 2.2.13: Let G(Z.[x]) = {Zo[x], *, (t, 0); t € Ze} be 
class of polynomial groupoids built using Z.[x]. We see when n 
= 3, n = 4 and n = 1 we get polynomial semigroups; hence 
G(Ze¢[x]) is a Smarandache Special Class of groupoid. 


THEOREM 2.2.1: Let G(Z,,[x]) = {Z,[x]; *; (4 0); t © Z,~ bea 
class of polynomial groupoids. G(Z,[x]) is a SSC — groupoid. 
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Proof: Since 1 € Z, we see {Z,[x], *, (1, 0)} © G(Z,[x]) 1s a 
polynomial semigroup, hence G(Z[x]) is a SSC-groupoid. 


Example 2.2.14: Let G(Z2[x]) be the class of groupoids built 
using Z12[X ]. Take H, = {Zy2[x], a (4, 0), 4 EZ}, H, = {Zy2[x], 
* (9, 0)} and H; = {Zy2[x], ei a, 0)} in G(Z12[x]). H,, H, and 
H; are polynomial semigroups. Hence G(Z),[x]) 1s a SSC- 
groupoid. 


Example 2.2.15: Let G(Z30[x]) be the class of polynomial 
groupoids built using Z3o[x]. Take H; = {Z3o[x], *, (15, 0)}, H2 
= {Z30[X], *, dl, O)}, H; = {Z30[X], aa (10, 0)} and Hy, = {Z30[X], 
* (6, 0)} are polynomial semigroups. So G (Z3o[x]) is a SSC- 
groupoid. 


Now we will give classes of SSC-groupoid. 


THEOREM 2.2.2: The class of groupoids Z(n) = {Z,, *, (t, u)} n, 
not a prime; is a SSC-groupoid. 


Proof: We see Z(n) has semigroups. For if (t, u) = 1 with t, u € 
Z, \ {0} with t? = t (mod n) and u’ = u (mod n) then (Z,, *, (t, 
u)} is a semigroup. Hence Z(n) is a SSC-groupoid. 


We will illustrate this situation by an example. 


Example 2.2.16: Take {Z, *, (4, 9)} © Z(12). (Zio, *, (4, 9)) is 
a semigroup as 4” = 4 (mod 12) and 9° = 9 (mod 12). 


Now we will construct a class of infinite groupoids. 
DEFINITION 2.2.7: Let G = {O/x], * (m, n)/m,n & Z’; (m, n) 
= 1}. It is easily verified G is a groupoid of infinite order. This 


groupoid will be known as polynomial groupoid with rational 
coefficients. 
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DEFINITION 2.2.8: Let G* = {O/x], * (m, n)/m,n €Z., (m, n) 
= d}. This groupoid is known as the polynomial groupoid with 
rational coefficients (d #1. Ifd = 1 G = G*). 


Example 2.2.17: Let G = {Q[x], *, (5, 7)} be a polynomial 
groupoid with rational coefficients. Let 


p(x) =x+1, 
en 
3 
and t (x) = 5x°- oxt 9 € Q[x]. 
p(x) * (q(x) * r (x) 
35x | 25 _ 21 
= #115 x° + — +35x° + 63 
p(x) * [15 x ee a ] 


p(x) * [35x° + 15x” + 7x + (2. 63 | ] 


= Sox 1) +35 Txt + 105x2 + 49x + [152 I 
Consider 
(p(x) * q(x)) * r(x) 
49x se 3x 
= (5(x+1)+21x?4+ = 5x) ot 
(5 (x+1) re ad ( 5 ) 
Ss pede ea ag ta Ae Og Be POE a ae le sigs 
2 3 2 
= 35x3+ 105x? + (25 + SOx iOS tigs a 5 
Il 


Clearly I and II are not equal so the operation * in general 
defined on Q[x] is non associative. 


Next we proceed onto give an example in which (m, n) =d #1. 
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Example 2.2.18: Let G* = {Q[x], *, (6, 3) = 3} be a polynomial 
groupoid. Take 


p(x) =x’ +1, 
q(x) = 8x" 
and 
r(x) = 3x? + 5x +1. 
(p(x) * q(x)) *r(x) = [6 (x? +1) +3 x 8x‘] * Gx? + 5x + 1) 


(6x’ + 6 + 24x*] * (3x* + 5x + 1) 
= (36x’+ 36+ 14 4x‘) + 9x?+ 15x +3 
= 36x’+ 144x*+ 9x? + 15x +39 I 


p(x) * (q(x) * q(x)) = p(x) * [48 x* + 9x* + 15x +3] 
= 6x’+6+ 144x* + 27x? + 45x +9 
= 6x’ + 144x*+ 27x? + 45x + 15 Il 


I and II are not equal. Hence G* is a groupoid and is not a 
semigroup. 


DEFINITION 2.2.9: Let G** = {O/x], * (4, 0) /t © Z \ {0}}. 
G** is a polynomial groupoid with polynomials from Q[x]. 


We will illustrate this situation by an example. 


Example 2.2.19: Let G** = {Q[x], *, (5, 0)} be a polynomial 
groupoid. Take p(x) = 8x°, q(x) = 5x’ + 1 and r(x) = x° in Q[x]. 


(p(x) * q(x)) * r (x) = (40x3 + 0) * r(x) 

= 200x° I 
p(x) * (q(x) * r(x) = 8x? [25x°+5+0] 

= 40x° II 


It is pertinent to mention here that we can build groupoids 
using Z[x] or R[x] or C[x] in a similar way. We can derive 
many interesting properties about these polynomial groupoids. 
Infact all these groupoids are of infinite order. Interested reader 
is expected to derive interesting properties about these 
groupoids. 
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2.3 Special Interval Groupoids 


In this section we introduce yet another special class of 
groupoids called interval groupoids. Here we construct several 
interesting properties about them. 


Notations: Let 
Z; = {[a, b] |a,be ZU {0}, a< b} 
Q? = {[a, b] | a,b e Q’U {0}, a<b} 
Rt = {[a, b]|a,b e R*U {0}, a<bt. 
Clearly Z> c Q? CR}. Consider Z\ = {[0, r] | r € Z,} is 
the set of intervals in Z,. 


Now using these four classes of intervals we build classes of 
groupoids. 


DEFINITION 2.3.1: Let G * (Z!) = £[0, r], *, (m, p)/r, m, p € 
Zn with (m, p) = 1, m and p primes} where [0, r] * [0, s] = [0, 
mr + ps (mod n)]. G * (Z') is a class of groupoids, defined as 
modulo integer interval groupoids of level one. 

Clearly G * (Z!) has only finite number of elements. 


We will illustrate this by some examples. 


Example 2.3.1: Let G * (Zi, ) = {[0, s], *, (5, 7); 5, 7, 8 € Ziz} 
be a modulo integer interval groupoid of level one. G * (Zi, ) 
has 12 elements. 


Example 2.3.2: G * (Z;,) = {[0, s], *, (11, 7), 11, 7, € Zio} is 
a modulo integer interval groupoid of level one. 


Now we proceed onto define interval groupoids of level one 
with entries from Z” U {0} or Q” U {0} or RU {0} or CU 


£0}, 
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DEFINITION 2.3.2: G(S) = {/0, a], % (1, W =l;apqeEZ VU 
{0}} (or C’, O° or R') p and q primes} where * is defined as [0, 
a] * [0, b] = [0, pa + qb] © G(S) and S = C; or Z; or R;. 
G(S) is a class of interval groupoids of level one. 

As p, gq €Z’ \ {0}, vary over Z’ \ {0} we get infinite number 
of interval groupoids. S can be R; C; or Q7. 


We will illustrate this by some examples. 


Example 2.3.3: Let G*(Z} ) = {[0, a], *, (5, 19); a, 5, 19 € Z} 
be an interval integer groupoid of level one. It is easily verified 
* in general is non associative. For take [0, 1], [0, 3] and [0, 2] 
in G*(Z, ). 

[01] *({03]*[02]) = [01] *({0, 15] + [0, 38]) 

0 1] * [0, 53] 

0,5] +[0, 53 x 19] 

0,5+53 x 19] I 


ret, wf 7. fo 


i=) 


((0, 1] *[O3)*[02] = 
[ 
=) aL 
[ 


» >) + (0, 57]) * [0, 2] 

, 62] * [0, 2] 

310] + [0, 38] 

, 348] Ul 


oo Oo 


Clearly I and II are not equal; hence G * (Z7) is a integer 
interval groupoid of level one. 


Example 2.3.4: Let G * (Q;) = {[0, a], *, (2, 3); a, 2, 3, e Q} 
be the rational interval groupoid of level one. 


Example 2.3.5: Let G* (R]) = {[0, a], *, [3, 23], a, 3, 23 € R?} 
be a real interval groupoid of level one. 


Example 2.3.6: Let G* (C;) = {[0, a], *, (3, 2) | a, 3,2 ¢€C} 
be a complex interval groupoid of level one. 


50 


Example 2.3.7: Let G*(R]) = {[0, a], *, (29,53); a, 29, 53 € 
R"} be areal interval groupoid of level one. 


Now we proceed onto define the notion of real or complex or 
integer or rational interval subgroupoid of level one. 


DEFINITION 2.3.3: Let T € G * (S) be a real or complex or 
integer or modulo integer or rational interval groupoid of level 
one. 

Let P CT (Pa proper subset of T). If P itself is a real or 
complex or integer or modulo integer or rational interval 
groupoid of level one then we call P to be a real or complex or 
integer or modulo integer or rational interval subgroupoid of T 
of level one. 


We will illustrate this situation by some examples. 


Example 2.3.8: Let {[0, a], *, (3, 2); a, 3,2 € Zin} € G* (Z),) 
be a modulo integer groupoid of order 12 of level one. Take P = 
{[0, 2], [0, 0], [0, 4], [0, 6], [0, 8] [0, 10], *, 3, 2)} c {[0, al, *, 
(3, 2), a, 3, 2, € Zin} € G * (Z,, ); P is a modulo integer interval 
subgroupoid of order 6. 


Example 2.3.9: Let T = {[0, a], *, (5, 3) | 5, 3, a © Zi} bea 
modulo integer interval groupoid of level one. 


The reader is requested to find modulo integer interval 
subgroupoids of level one. 


Example 2.3.10: Let R = {[0, a], *, (3, 2);a € ZU {03} be an 
integer interval groupoid of level one. 

Take P = {[0, a], *, (3, 2); a e 2Z’ U {0}} CR. Pisa 
integer interval subgroupoid of R of level one. 


Example 2.3.11: Let T = {[0, a], *, (5, 7)/a © RU {03} bea 


real interval groupoid of level one. Take P = {[0, a], *, (5, 7) /a 
€ Q’U {03} CT. Pisa real interval subgroupoid of level one. 


51 


Remark: It is important and interesting to note that P is not a 
real interval groupoid but only rational interval groupoid so how 
much are we justified in calling it as a real interval subgroupod. 
But by the rule of convention we call so. 


Example 2.3.12: Let T = {[0, x], *, (7, 3)/x, 7,3 € QU {03} 
be a rational interval groupoid of level one. Take P = {[0, a], *, 
(7, 3) / a, 7,3 € Z VU {0}} CT; P is a rational interval 
subgroupoid of T of level one. 


Example 2.3.13: Let T = {[0, a], *, (17, 2)/a, 17,2 eC U 
{0}! be a complex interval groupoid. Let S = {[0, a], *, (17, 2)/ 
a, 17,2 € ZU {03} CT; S is a complex interval subgroupoid 
of T of level one. 


Now we proceed onto define interval groupoid of level two. 


DEFINITION 2.3.4: Let G** (Z’) = {[0 a], * (p,q =1,4 p 
and q are in Z,,} where [0, a] * [0, b] = [0, pa + qb (mod n)]. 
G** ( vie ) is defined as the class of modulo integer interval 
groupoid of level two. 


Example 2.3.14: Let T = {[0, a], *, (5, 8), a, 5, 8 € Zo} Cc G** 
(Z,,) be the modulo integer interval groupoid of level two. 


Example 2.3.15: Let P = {[0, a], *, (9, 10), a, 9, 10 € Zi;} c 
G** ( Z/,) be the modulo integer interval groupoid of level two. 

Like wise we can define class of integer interval groupoid 
of level two; G**(Z} ) = G**((Z" U {03}), class of real interval 
groupoid of level two; G**(R*) = G**((R° U {0})'), class of 
rational interval groupoid of level two; G**(Q; ) = G**(Q” U 
{0})') and class of complex interval groupoid of level two G** 
(Cy) = G** (CTU {0}. 

We make an assumption (C; ) or Z7 or Q7 or Rj] contains 


£0}, 
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Example 2.3.16: Let T = {[0, a], *, (8, 15), 15,8,a eZ U {03} 
be an integer interval groupoid of level two. 


Example 2.3.17: Let S = {[0, a], *, (19, 16),a € Z’ U {03} be 
the integer interval groupoid of level two. 


Example 2.3.18: Let P = {[0, a], *, (27, 64), a, 27, 64 € Q’ U 
{0}} be the rational interval groupoid of level two. 


Example 2.3.19: Let T = {[0, x], *, (27, 43), x, 27, 43 € R’ U 
{0}} be the real interval groupoid of level two. 


Example 2.3.20: Let W = {[0, y], *, (43, 7); y, 7,43 € CU 
{0}} be the complex interval groupoid of level two. 


It is both interesting and important to note the following. 


The class of integer interval groupoids of level two c The class 
of rational interval groupoids of level two c The class of real 
interval groupoids of level two c The class of complex interval 
groupoids of level two; that is G** (Z>) c G** (Q*) c 
G**(Ri) cG** (C7). 

Same type of containment is true in case of interval 
groupoids of level one. 


Now we will call a level one interval groupoid to be simple 
if it has no proper interval subgroupoids of level one. 


We see G*(Z.); when n is a prime is a simple modulo 
integer interval groupoid of level one. 


Example 2.3.21: Let T = {[0, a], a € Zs, *, (3, 2)} be a modulo 
integer interval groupoid of level one. T = {[0, 0], [0, 1], [0, 2], 
[0, 3], [0, 4], * G, 2)}. 

We assume [0, 0] is not an interval groupoid as [0, 0] = [0] 
the degenerate interval. Now T is a simple modulo integer 
interval groupoid of level one. Thus we have a class of simple 
modulo integer interval groupoids of level one. 


Now we can define interval subgroupoids of level two. 
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DEFINITION 2.3.5: Let T = {/0, a], *% (p, 9, @ DP, dQ © Zn} bea 
modulo integer interval groupoid of level two. If P CT is such 
that P = {[0, a], *, (p, @} CT is a proper subset of T and P 
itself is a modulo integer interval groupoid of level two; then we 
call P to be a modulo integer interval subgroupoid of level two 
of T. When T has no interval subgroupoid of level two; then we 
call T to be a simple modulo integer interval groupoid of level 
two. 


We will illustrate both the situation by some examples. 


Example 2.3.22: Let T = {[0, a], *, (3, 8), a, 3, 8 € Q’ U {03} 
be a rational interval groupoid of level two. Take P = {[0, a], *, 
(3, 8), 3, 8, a e Z VU {03} CT; P is a rational interval 
subgroupoid of level two. 


Example 2.3.23: Let T = [0, a], *, (9, 8), 9, 8,a © R’ U {03} be 
a real interval groupoid of level two. Take P = {[0, a], *, (9, 8), 
a, 9,8 € Q VU {03}! CT, P is a real interval subgroupoid of 
level two. 


Example 2.3.24: Let T = {[0, a]; *, (15, 8); 15, 8, a © Z30} bea 
modulo integer interval groupoid of level two. Take P = {[0, 0], 
[0, 10], [0, 20], *, (15, 8), 15, 8 © Z3o} Cc T. P is a modulo 
integer interval subgroupoid of level two of T. 


Example 2.3.25: Let S = {[0, a], *, (9, 8); a, 9, 8 © Z1,} bea 
modulo integer interval groupoid of level two. 

Clearly S has no modulo integer interval subgroupoid of 
level two. Hence S is a simple modulo integer interval groupoid. 


The following theorem is left as an exercise for the reader to 
prove. 


THEOREM 2.3.1: Let G**( Zs ) be the collection of modulo 


integer interval groupoids of level two. Every modulo integer 
interval groupoid in G**(Z ) is simple; p a prime. 
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Now we proceed onto define interval groupoids of level 
three. 


DEFINITION 2.3.6: Let G**(Z') = {[0, a]; * (p,q =d #1} 
where * is such that [0, a] * [0, b] = [0, pa+qb (mod n)] we 
define G***(Z') to be the class of modulo integer interval 
groupoid of level three. 

If we replace Z' by Z} we call G***(Z} ) to be the class 
of integer interval groupoid of level three. 

If Z' in the definition is replaced by QO; we call G***(QF ) 
to be the class of rational interval groupoids of level three. If 
Z' in the definition is replaced by Rj we call G***(R;) to be 
the class of real interval groupoids of level three. If in the 
definition Z' is replaced by C} we call G***(C} ) to be the 
class of complex interval groupoid of level three. 


We will illustrate each of the situation by some examples. 


Example 2.3.26: Let T = {[0, a], *, (8, 24); a, 8, 24 € Z3o} bea 
modulo integer interval groupoid of level three. 


Example 2.3.27: Let T = {[0, a], *, (9, 3); a, 9,3 © Zi} bea 
modulo integer interval groupoid of level three. 


Example 2.3.28: Let P = {[0, a], *, (27, 30); a, 27,30 € ZU 
{0}} be the integer interval groupoid of level three. 


Example 2.3.29: Let P = {[0, a], *, (11, 66); a, 11, 66 € ZU 
{0}} be the integer interval groupoid of level three. 


Example 2.3.30: Let T = {[0, a], *, (12, 26); a, 12, 26 € Q’U 
{0}} be a rational interval groupoid of level three. 


Example 2.3.31: Let F = {[0, a], *, (28, 35); a, 28, 35 € R’U 
{0}} be the real interval groupoid of level three. 
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Example 2.3.32: Let E = {[0, b], *, (7, 497); b, 7, 497 € C’ U 
{0}} be the complex interval groupoid of level three. 


Now we proceed onto define the notion of interval subgroupoid 
of level three. 


DEFINITION 2.3.7: Let T= {[0, a], ** (p, J =d41pq,qae 
Zn be a modulo integer interval groupoid of level three. Let P 
CT; if P is a modulo integer interval groupoid of level three 
and P is a proper subset of T we call P to be the modulo integer 
interval subgroupoid of T of level three. 

If T has no proper modulo integer interval subgroupoid 
then we call T to be a simple modulo integer interval groupoid. 


Analogous definitions hold good in case of integer or real or 
rational or complex interval groupoid of level three. 
We will illustrate this situation by some simple examples. 


Example 2.3.33: Let T = {[0, a], *, [15, 10], a, 10, 15, © Zeo} be 
a modulo integer interval groupoid of level three. 

Let P = {[0, a], [0, 5], [0, 10], [0, 15], [0, 20], [0, 25], [0, 
30], [0, 35], [0, 40], [0, 45], [0, 50], [0, 55], *, (15, 10)} c T be 
the modulo integer interval subgroupoid of T of level three. 


Example 2.3.34: Let T = {[0, a], *, (8, 24), a, 8,24 € ZU {03} 
be the integer interval groupoid of level three. Take P = {[0, 2a], 
ea. 8 Od! er {0}! c T, P is an integer interval 
subgroupoid of T of level three. 


Example 2.3.35: Let T = {[0, a], *, (27, 18), a, 27, 18 € QU 
{0}} be a rational interval groupoid of level three. Take P = {[0, 
a], *, (27, 18), a, 27, 18 « Z VU {0}} CT. P is a rational 
subgroupoid of level three. 


Example 2.3.36: Let X = {[0, a], *, (20, 22), a, 20, 22 € R® U 
{0}} be a real interval groupoid of level three. 

Take P = {[0, a], *, (20, 22), a € Q” U {03} CX, Pisa real 
interval subgroupoid of level three of X. 
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Example 2.3.37: Let Y = {[0, x], *, (28, 42), x, 28,42 € CU 
{0}} be a complex interval groupoid of level three. X = {[0, x], 
* (28, 42), x € R’ U {03} c Y, is the complex interval 
subgroupoid of level three. 


Example 2.3.38: Let B = {[0, a], *, (8, 12), a, 8, 12 €e Q’U Z)3} 
be a modulo integer interval groupoid of level three. B is a 
simple modulo integer interval groupoid of level three. 


The reader is expected to answer the following problem. 
Let X = {[0, a], *, @, s) =t4#1,a, 1,5, t © Z,; p is a prime} 
be a modulo interval groupoid of level three. Is X simple? 


Before we proceed onto describe more properties about these 
interval groupoid we give the definition of level four interval 
groupoids. 


DEFINITION 2.3.8: Let G **** (Z’) = {[0, a], *, (p, 0), 0 4p, a 


€ Z, where [0, a] * [0, b] = [0, pa + 0b (mod n)] = [0, pa 
(mod n)]; be a modulo integer interval groupoid defined as the 
modulo integer interval groupoid of level four. 


If we replace (Z,) in the definition 2.3.8 by Z} we get the 
integer interval groupoid of level four. By replacing Z' by Qf 
in the definition 2.3.8 we get the rational interval groupoid of 
level four. If Z' is replaced by R} in definition 2.3.8 we get 
the real interval groupoid of level four and is denoted by 
G****( RI), Similarly by replacing Z\ by C; in definition 
2.3.8 we get the complex interval groupoid of level four and is 
denoted by G****(C)). We see 


We will illustrate this situation by some examples. 


Example 2.3.39: Let B = {[0, a], *, (5, 0), a, 5 © Zs} be a 
modulo integer interval groupoid of level four. 


a. 


Example 2.3.40: Let C = {[0, x], *, (6, 0), x, 6 © Zio} be a 
modulo integer interval groupoid of level four. 


Example 2.3.41: Let D = {[0, b], *, (8, 0), b, 8 € Z>} bea 
integer interval groupoid of level four. 


Example 2.3.42: Let X = {[0, a], *, (7, 0), a, 7 © Q7} bea 
rational interval groupoid of level four. 


Example 2.3.43: Let Y = {[0, b], *, (141, 0), b, 141 © R}} bea 
real interval groupoid of level four. 


Example 2.3.44: Let P = {[0, t], *, (15, 0), t, 15 e Cj} bea 
complex interval groupoid of level four. 


We will now proceed onto define interval subgroupoids of 
level one. 


DEFINITION 2.3.9: Let S = {/0, aj, *, (p, 0), a, p © Z,} bea 
modular integer interval groupoid of level four. T = {[0, a], *, 
(p, 0), a EX CZ,} CS be a modulo integer interval groupoid of 
level four; then we call T to be a modulo integer interval 
subgroupoid of level four. 

If S has no proper modulo integer interval subgroupoids 


then we call S to be a simple modulo integer interval groupoid 
of level four. 


We can analogously define these concepts in case of other 
interval groupoids of level four. 
We will illustrate this by some examples. 


Example 2.3.45: Let X = {[0, a], *, (8, 0), a, 8 © Zi} be a 
modulo integer interval groupoid of level four. Choose Y = {[0, 
0], [0, 2], [0, 4], [0 6], [0, 8], [0, 10], *, (8, 0)} c X, Y isa 
modulo integer interval subgroupoid of level four of X. 
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Example 2.3.46: Let W = {[0, a], *, (5, 0); a, 5 © Z7} be a 
modulo integer interval groupoid of level four. We see W is a 
simple modulo integer interval groupoid of level four. 


In view of this we have the following theorem. 


THEOREM 2.3.2: Let P = {[0, aj, *, (t, 0), a, t © Z,, p a prime} 
be a modulo integer interval groupoid of level four. P is simple. 


The proof of the theorem is left as an exercise for the reader. 


Example 2.3.47: Let T = {[0, a], *, (9, 0),a,9 € Z U {03} be 
an integer interval groupoid of level four. Take W = {[0, a], *, 
(9, 0), a € 8Z" U {03} CT is an integer interval subgroupoid of 
level four of T. 


Example 2.3.48: Let W = {[0, a], *, (12, 0), a € Q” U {03} be 
an rational interval groupoid of level four. S = {[0, a], *, (12, 0), 
a € 3Z U {03} is an integer interval subgroupoid of level four 
of W. 


Example 2.3.49: Let T = {[0, a], *, (19, 0),a e R” U {03} bea 
real interval groupoid of level four. S = {[0, a], *, (19, 0), a € 
Q’ U {0} &T; S is a real interval subgroupoid of level four. 


Example 2.3.50: Let W = {[0, a], *, (23, 0),a e C’ U {0}} bea 
complex interval groupoid of level four. P = {[0, a], *, (23, 0), a 
e€ RU {03} c W; P is a complex interval subgroupoid of level 
four. 


Now having seen examples of interval subgroupoid of level 
four. We now proceed onto study the properties of all these 
interval groupoids in the four levels. 


THEOREM 2.3.3: The modulo integer interval groupoids T in 
G**(Z" ) such that T = {[0, a]; *, (t, u), a, t, u € Z,f (mod n) is 
a modulo integer idempotent interval groupoid of level two if 
and only if t + u = I(mod n). 
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Proof: Given T = {[0, a]; *, (t, u), a, t, u € Zn} € G**(Z) ) andt 
+ u=1 (mod n). To show T is an idempotent interval groupoid 
we have to prove [0, a]*, [0, a] = [0, a] for all [0, a] € Z.. 

Consider [0, a] * [0, a] = [0, ta + ua (mod n)]. If T is to be 
an idempotent interval groupoid we need [0, a] * [0, a] = [0, a]. 
So that [0, ta + ua (mod n)] = [0, a]. That is ta + ua = a (mod n) 
thus (t + u— 1)a = 0(mod n). 

This is possible if and only if t + u = 1 (mod n). Hence the 
claim. 


We will illustrate this by a simple example. 


Example 2.3.51: Let T = {[0, a], *, [4, 5], a, 4, 5 © Zs} € 
G**(Z;,). T is a modulo integer idempotent interval groupoid. 
For consider [0, a] * [0, a] = [0, 4a + 5a(mod 8)] = [0, a] as 9a = 
a(mod 8). This is true for all [0, a] ¢ Z, . Hence T is a modulo 
integer idempotent interval groupoid. 


COROLLARY 2.3.1: The above theorem is also true in case of 
the class of interval groupoids of level one. 


We now proceed onto define normal subgroupoids and ideals of 
interval groupoids. 


DEFINITION 2.3.10: Let G*(Z') or G*(Z}) or G*(Q;}) or 
G*(R;) or G*(C; )) be a class of interval groupoids. A interval 
subgroupoid V of T < G*(Z; ) is said to be a normal interval 
groupoid or interval normal groupoid T < G*(Z! ) if 
i. [0,a] V=V[0, a] 
ii. (V [0, a]) [0, b] =V ({0, a] [0, b}) 
iii. [0, a] ({0, b] V) = ([0, a] [0, b))V 


for all [0, a], [0, b] € V. 
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Note: An interval groupoid T ¢ G*(Z/ ) is normal if 
(a) [0, x] T =T [0, x] 
(b) T ((0, x] [0, y]) = (7 [9, x] [9, y] 
(c) [0, y] ((0, x] T) = ((9, y] [9, x]) T 


for all [0, x], [0, y] ¢ TC G*(Z!). 

This same definition holds good for interval groupoids built 
using Z;, Q;, Ry; or C;. Further the same definition is true 
for all the four levels of interval groupoids. 

Thus from here onwards by interval groupoid T we may 
mean any interval groupoid built using Z, or Z>, Q}, R{ or 
C; and from the context it will be easily understood to which 
level they belong to and built using which set. 


Now we proceed onto define ideal of interval groupoids. 


DEFINITION 2.3.11: Let T be any interval groupoid. P a non 
empty subset of T. P is said to be a left ideal of T if 

(1) P is an interval subgroupid of T 

(2) Forallx € Tanda €P,xa €P. 

P is called a right ideal if P is an interval subgroupoid and 
for allx © Tanda € Pax &€P. If P is both left and right ideal 
of T then we call P to be the interval ideal of T or just an ideal 
of T. As in case of usual groupoids we call an interval groupoid 
to be simple if it has nontrivial interval subgroupoids. The 
interval groupoids of level one, two, three and four does not 
have {0} as an ideal. 


We have the following interesting theorem. 


THEOREM 2.3.4: Let P be a left ideal of T < G* (Z.) where T 


= {[0, a], *, (t, wu), a, t. u € Z,} is the interval groupoid then P is 
aright ideal of T’= {[0, a], * (u,0; atu €Z,}. 


The proof is left as an exercise for the reader. 
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THEOREM 2.3.5: Let T © G*(Z' ) where T = {[0, a], *, (t, u), a, 


t, u € Z, with t and u primes and t + u = n} be an interval 
groupoid then T is simple. 


The proof uses simple number theoretic properties and is left for 
the reader to prove. 


Note: Even if nis a prime and t+ u=p, u and t primes then also 
T = {[0, a], *, (t, u); t+ u=p; t,a,u e€ Z,, p a prime}, the 
interval groupoid is simple. 


THEOREM 2.3.6: The interval groupoid T = {[0 a], *, (0, t); a, t 
€ Z,} of level four is a interval P-groupoid and alternative 
interval groupoid if and only if f =t (mod n). 


The proof is left as an exercise for the reader. 
None of the above results hold good in case of interval 


groupoids built using Z7, Q7, Rj; or C;. These properties are 


only valid for the interval groupoids built using Z),. 


2.4 New Classes of Polynomial Interval Groupoids 


In this section we introduce the new notion of polynomial 
interval groupoids. We will first briefly describe the essential 


notations. Z) [x] = {collection of all polynomials in the variable 


x with coefficients from the interval set Z; } 
- [Elma a,€ z,} 


i=0 
This collection will be known as modulo integer interval 
polynomials. 


Example 2.4.1: [0, 1]x’ + [0, 2]x° + [0, 1]x° + [0, 2]x’ + [0, 1] is 
a modulo integer interval polynomials in the variable x with 
coefficients from Z}. Similarly Z;[x] = {collection of all 
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polynomials in the variable x with interval coefficients of the 
form [0, a] from the interval set Z7 } = 


{0 a, |x’ 


i=0 


a,eZ v0] ; 


This collection will be known as the positive integer 
interval polynomials or integer interval polynomials. Q; [x] = 
{collection of all polynomials in the variable x with coefficients 
from the intervals in Q7 of the form [0, ai]; 


a, € Qt U {0}} = [Ela a, €Q° vio} 
Thus 7 
R? [x] = pa [0,a, ]x' Ja, RU] 
and . 
C* [x] = {00 a,]x'|a, eC’ vio 


are defined as real interval polynomials and complex interval 
polynomials respectively. 

Now using these 5 types of interval polynomials we can 
define 4 levels of polynomial interval groupoids or interval 


polynomial groupoids. 
a, € z,} 


be the modulo integer interval polynomials. Define * on T as 
follows, let 


DEFINITION 2.4.1: Let 


- [Sra 


i=0 


po) = ¥.[0,a, Jx 


and 
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g(x) = > [0,b, Jx’ 
j=0 
belong to T; 


Pex) * q(x) = [Sr0.0,75' ' [370.5%] 


= > [0,ta, +ub,(modn)]x'” ; 
k=0 
(t, u € Z, \ {0} such that both t and u are primes and (t, u) = 1). 
= \/0,c, Jx* 
k=0 


where k = i + j and cy = ta; + ub; (mod n). [T, * (t, w)} is 
defined as the modulo integer interval polynomial groupoid of 
level one. We by varying t and u get a class of modulo integer 
interval polynomial groupoid of level one. 


We will illustrate this by some simple examples. 
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Example 2.4.2: Let {T, *, (u, t) | T = >,[0,a; }x' -a eZsandu 
i=0 

= 3 and t = 2} be the modulo integer interval polynomial 

groupoid of level one. 
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Example 2.4.3: Let {T, *, (u, t) | T= > ,[0,a; ]x' 3a; € Zj andu 
i=0 

= 5 and t = 7} be the modulo integer interval polynomial 

groupoid of level one. 

We can built rational interval polynomial groupoid of level 
one using the rational intervals {[0, a] /a € Q” U {03}, real 
interval polynomial groupoid of level one using real intervals of 
the form [0, a]; a e R° U {0}, integer interval polynomial 
groupoid of level one using integer intervals of the form {[0, b] 
/b € ZU {0}} and complex interval polynomial groupoid of 
level one using the complex numbers. 


We will illustrate each of them by one example. 
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Example 2.4.4: Let 


fe (Xoo oh (Ss) din. ee WAM 
i=0 

be the integer interval polynomial groupoid of level one using 

the integers Z* U {0}. 


Example 2.4.5: Let 
We {Soa , *, (11, 43); ai, 11, 43 € QU {0}} 


i=0 
be the rational interval polynomial groupoid of level one. 


Example 2.4.6: Let 
S= {Slo , *, (47, 19); ai, 19, 47 € R*U {0}} 


i=0 
be the real interval polynomial groupoid of level one using 
reals. 


Example 2.4.7: Let 
Vv {S100 2# (039)? 2,23,8,€ C UO {0%} 


i=0 
be the complex interval polynomial groupoid of level one using 
complex numbers. 


We see each of the classes of interval polynomial groupoids 
of level one have infinite cardinality, since pairs of primes is an 
infinite collection. We can define interval polynomial 
subgroupoids of level one built using modulo integers or reals 
or rationals or integers or complex intervals. 


DEFINITION 2.4.2: Let T be a interval polynomial groupoid of 
level one. Let P C T be a proper subset of T; if P itself is a 
interval polynomial groupoid of level one under the operations 
of T then we define P to be a interval polynomial subgroupoid 
of T of level one. 

If T has no interval polynomial subgroupoids of level one 
then we define T to be a simple interval polynomial groupoid of 
level one. 
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We will illustrate this situation by some simple examples. 


Example 2.4.8: Let 
a= pacar 3 ae (5, 7), ai, 5; TE Zio} 


i=0 
be a modulo integer interval polynomial groupoid of level one. 
Take 


RS pacar 3 “ (5, 1) ae Le € Zi0 5a € {0, 5} = Zio} = ds 
i=0 

P is a modulo integer interval polynomial subgroupoid of level 

one. 


Example 2.4.9: Let 
S= {Slo > *, (19, 11), a; e Z* U {03} 


i=0 
be a integer interval polynomial groupoid. Take 
p= {Slo >*, 19,11), a; € 3Z" U {03} CS; 
i=0 
P is a integer interval polynomial subgroupoid of S. 


Example 2.4.10: Let 
= {Soa ) * (2, 3), ai € Q U {O}} 


i=0 
be a rational integer polynomial groupoid. 
Let 


S= {Slo ¥'0,3)areZ {01} ET: 
i=0 
S is a rational integer polynomial subgroupoid of T. 


Example 2.4.11: Let 
M= pacar , (29, 3), ajc R° U {0}} 
i=0 


be a real interval polynomial groupoid. 
Take 
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W= [0,a, ]x'; *, (29, 3), a, € 3Z U {0} CM. 
i=0 


W is areal interval polynomial subgroupoid of M. 
Example 2.4.12: Let 
V = {Sloan ee (3, >); ajc ‘oe U {O}} 


i=0 
be the complex interval polynomial groupoid. 
Take 


T= {Sox * (3,5), ae R WOME V, 


i=0 
T is a complex interval polynomial subgroupoid of V. 


Example 2.4.13: Let 
> {Sloan 3 (3, 2), ai € Z7} 


i=0 
be the modulo integer interval polynomial groupoid. It is not a 
simple modulo integer interval polynomial groupoid even 
though Z, is a prime field for 


S= {Sit0a8" a, €Z,,*, (3,2)} cP 


i=0 


is a modulo integer interval polynomial subgroupoid of P of 
level one. 


Now we proceed onto define level two interval polynomial 
groupoids using Z,, Z” U {0}, R’ U {03, Q” U {0} and C” U 
{0}. 

DEFINITION 2.4.3: Let 
S= p [0,a,]x'; 
i=0 
* (p, g), p and q are not primes but (p, q) = 1, p, ¢, a1 € Z,}. S 


under * is a groupoid defined as the modulo integer interval 
polynomial groupoids of level two. Thus we can define interval 
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polynomial groupoids of level two using Z” U {0} or O VU {0} 
or R° U {0} or C’ U {0}. 


We will illustrate this situation by some examples. 


Example 2.4.14: Let 


S= {Soa > se (2, 9), ai, Ds Je Zio} 


i=0 
be the modulo integer interval polynomial groupoid of level 
two. 


Example 2.4.15: Let 
P= {Soa , *, (27, 32), a, 27,32 € ZU {0}} 
i=0 
be the integer interval polynomial groupoid of level two. 


Example 2.4.16: Let 
S= {So sa, € R’U {0}, *, (64, 81)} 


i=0 
be the real interval polynomial groupoid of level two. 


Example 2.4.17: Let 
W- {Slax ; *, (14, 27), a, 14,27 € Q’ LU {03} 
i=0 
be the rational interval polynomial groupoid of level two. 


Example 2.4.18: Let 
B= {0 a, |x’, *, (36, 13), a, 13,36 e CU {03} 
i=0 
be the complex interval polynomial groupoid of level two. 


We can as in case of level one interval polynomial groupoids 
define interval polynomial subgroupoids of level two. 


We will illustrate by one or two examples and then proceed on 
to define level three interval polynomial groupoids. 
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Example 2.4.19: Let 
y= {>"[0, a; | x’, * (9, 7), a9, 7 € Zi} 
i=0 


be the modulo integer interval polynomial groupoid of level 
two. 
Take 


W= {> [0,a,]x', *, (9, 7), a: € {0, 2, 4, 6, 8, 10} C Zi} CP; 
i=0 


T is a modulo integer interval polynomial subgroupoid of level 
two. 


Example 2.4.20: Let 
S={)}[0,a,]x', *, (3, 4), 3,4, ai, © Zi} 
i=0 
be the modulo integer interval polynomial groupoid of level 
two. 
Consider 


M= {> [0,a,]x” | a: € Zu, *, 3,4} cS, 
i=0 


M is a modulo integer interval polynomial subgroupoid of S of 
level two. 


Example 2.4.21: Let 
T= { )°[0, a,]x', *, (27, 43), a, 27, 43 € ZU {0}} 
i=0 


be a integer interval polynomial groupoid of level two. 
Take 


w= S10, a, |x’, *, (27, 43), ai € 22°} CT, 
W is an integer ‘ntenal polynomial subgroupoid of level two. 
Example 2.4.22: Let 
V= S10, a,]x', *, (27, 8), ai, 27, 8 € Q} 
i=0 


be a rational polynomial groupoid of level two. 
Choose 
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W= (0, ale’; "27, 8), ave Z eV. 
is the rational eal polynomial subgroupoid of level two. 
Example 2.4.23: Let 
S= >(0, a.]x', *, (47, 81), a1 e R’U {0}} 
i=0 


be the real interval polynomial groupoid of level two. 
Choose 


W= S10, a,] x”, *, (47, 81), a1 © R°U {03} cS, 
S is a real ren polynomial subgroupoid of S of level two. 
Example 2.4.24: Let 
S= >(0, a. |x’. .(27,2)sarve C1 40}4 
be a complex sceeal polynomial groupoid of S of level two. 
T= (0, a.]x', *,a, e R°U {0}} cS, 
i=0 


T is a complex interval polynomial subgroupoid of S of level 
two. 


We now proceed onto describe and define level three interval 
polynomial groupoid. 


DEFINITION 2.4.4: Let 
T={)>[0,a]x',*%* pg =d4L pga €Z U{0}} 
i=0 
where * is such that 


(>.[0,4,]x') *(S°[0,b, ]x’) = ¥ [0,a,p+b,q]x", 


i=0 i=0 j+i=0 


T is defined to be the integer interval polynomial groupoid of 
level three built using Z; . 
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We can on similar lines define polynomial interval groupoid of 
level three using modulo integers, rationals, reals and complex 
numbers. 

We will only give examples of them and the reader can 
easily understand which type it belongs to by the context. 


Example 2.4.25: Let 
S= {> [0,a,]x', *, 21, 6), 21, 6, a) © Zs7} 
i=0 


be the modulo integer interval polynomial groupoid of level 
three. 


Example 2.4.26: Let 
V={)[0,a,]x' , *, (24, 32), a, 24, 32, € Q*U {0}} 
i=0 
be the rational interval polynomial groupoid of level three. 
Example 2.4.27: Let 
B= {> [0,a;] x’, *, (27, 42), a;, 42, 27, e RU {0}} 
i=0 
be the real interval polynomial groupoid of level three. 
Example 2.4.28: Let 
C= {>[0, a.]x', *, (2, 128), a; 2, 128, Ee Cu {0}} 
i=0 
be the complex interval groupoid of level three. 


As in case of other types of interval groupoids we can in 
case of level three interval polynomial groupoids define 
subgroupoids. 


However we will illustrate the situation by some examples. 


Example 2.4.29: Let 
T= {}/[0,a,]x', *, (8, 12), a;, 8, 12, € Z*U {0}} 
i=0 


be the integer interval polynomial groupoid of level three. 
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Consider 
W = {)/[0,a,]x', *, (8, 12), a; e 2Z° U {0}} CT 
i=0 
is integer interval polynomial subgroupoid of T of level three. 
Example 2.4.30: Let 
S= {)'[0,a,]x', *, (4, 20), ai, 4, 20, < QU {0}} 
i=0 


be the rational interval polynomial groupoid. 
Take 


M= 5 [0,a,]x”, *, (4, 20), ai, 4, 20 € Q*U {0}} cS, 
i=0 


M is a rational interval polynomial subgroupoid of S of level 
three. 


Example 2.4.31: Let 
S = {}/[0,a,]x', *, (5, 20), a, 5, 20 e R*U {0}} 
i=0 


be the real interval polynomial groupoid of level three. 
Consider 


W = {>)[0a,]x™ ; *, (5, 20), a, 5, 20 € RU {0} cS, 
i=0 
W is areal interval polynomial subgroupoid of level three. 


Example 2.4.32: Let 


M = {> [0,a,]x', *, (27, 15), a, 27, 15 € C*U {0} 
i=0 


be the complex interval polynomial groupoid of level three. 
Choose 


N= {) [0a,]x” ; *, (27, 15), a; 27, 15 € C’U {0}} CM. 
i=0 


N is a complex interval polynomial subgroupoid of level three. 


Now we will define level four interval polynomial groupoids. 
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DEFINITION 2.4.5: Let 
T={> [0,a,]x', * (0), 0 #6, a; ER* Uf} 
i=0 


where * is defined by 
fade)" © 0b x oS [Oa Ix 
i=0 


i=0 i+ j=0 


T is a real interval polynomial groupoid of level four. 
As we vary t in R” we get a class of real interval polynomial 
groupoid of level four. 


Now we can define level four interval polynomial groupoids 
using Z, or Z’ U {0} or QU {0} or CU {0}. 


We will illustrate all these situations by some examples. 


Example 2.4.33: Let 
i= {>°[0, a, |x’ o) ai (9, 0), 9, ajc Zi2}, 
i=0 


be a modulo integer interval polynomial groupoid of level four. 


Example 2.4.34: Let 
T= {> /[0,a,]x', *, (11, 0), a, 11 € Zi3} 
i=0 


be the modulo integer interval polynomial groupoid of level 
four. 


Example 2.4.35: Let 
S={} [0,a,]x', *, (12, 0), a; 12 € ZU {0}} 
i=0 


be the integer interval polynomial groupoid of level four. 


Example 2.4.36: Let 
N= {)[0,a,]x', *, (0, 913), a, 913 € R™U {0}} 
i=0 


7 


be the real interval polynomial groupoid of level four. 


Example 2.4.37: Let 
Z={¥[0,a,]x' , *, 31, 0), a, 31 € QU {0}} 
i=0 
be the rational interval polynomial groupoid of level four. 


Example 2.4.38: Let 
S={} [0,a,]x', *, (22, 0), a;, 22 eC” U {0}} 
i=0 
be the complex interval polynomial groupoid of level four. 


Now having seen examples of level four interval polynomial 
groupoids, we can as in case of other level groupoids define 
interval polynomial subgroupoids. 


We only illustrate this situation by some examples. 


Example 2.4.39: Let 
T= { ))[0, a, ]x’ , *, (12, 0), 12, a; © Z24} 
i=0 


be the modulo integer interval polynomial groupoid of level 
four. 
Take 


n= {>[0, a, |x’ ’ oe (12, 0), ai, Qe 
i=0 
{0, 2, 4, 6, 8, 10, 12, 16, 18, 20, 22!} <T; P is a modulo integer 
interval polynomial subgroupoid of T of level four. 
Example 2.4.40: Let 
= {>°[0, a, |x’ ’ - (3, 0), di, > € Zi7} 
i=0 


be the modulo integer interval polynomial groupoid of level 
four. Take 


ioe) 


W = {> 10, a,]x7, *, G, 0), a € Zi} cP 


i=0 


74 


be the modulo integer polynomial subgroupoid of P of level 
four. 


Example 2.4.41: Let 
W = {)[0,a,] x’, *, (9, 0), a, 9 € ZU {0}} 
i=0 


be the integer interval polynomial groupoid of level four. 


P= {)'[0,a,] x”, *, (9, 0), aj € 2Z7 U {0}} CW; 
i=0 


P is a integer interval polynomial subgroupoid of W of level 
four. 


Example 2.4.42: Let 
S= {) 110, a,]x' , *, (13, 0), ai 13€ Q" U {0}} 
i=0 


be the rational interval polynomial groupoid of level four. 
Consider 


X={)} [0,a,] x’, *, (13, 0), a, 13 € ZU {0}} cS, 
i=0 


X is a rational interval polynomial subgroupoid of level four of 
S. 


Example 2.4.43: Let 
S= {)'10, a,]x' , *, 22, 0), a: , 22 € R'L {0} 
i=0 


be the real interval polynomial groupoid of level four. 
Consider 


Y = {> 7[0,a,] x”, *, (22, 0), a;,22 e RU {0}} cS; 
i=0 
Y is areal interval polynomial subgroupoid of S of level four. 


Example 2.4.44: Let 
Z={}°[0,a;] x’, *, (241, 0), aj, 241 = CU {0}} 
i=0 


be the complex interval polynomial groupoid of level four. 
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Take 
W= {>7[0,a,] x, *, (241, 0), a, 241 € CU {0}} CZ, 
i=0 


W is a complex interval polynomial subgroupoid of Z of level 
four. 


Now having defined four levels of interval polynomial 
groupoids we can define for them normal interval polynomial 
subgroupoid, normal interval polynomial groupoid and ideals in 
interval polynomial groupoid. 

We now give some of the properties enjoyed by them. We 
see when the interval polynomial groupoids are built using 
intervals of the form [0, a] from Z* U {0} or Q’ U {0} or R® U 
{0} or C’ U {0}. We see we cannot get many nice properties. 
Only for modulo integer interval polynomial groupoids which 
are built using Z, enjoy several interesting properties. 


THEOREM 2.4.1: Let {T, * (u, t), u, t € Z, \ {0}, u, t) = 1} 
where 


T= > (0,4, ]x! : 
i=0 


a; © Z, under * is a modulo integer polynomial groupoid of 
level two. 


{T,* (u,v; T= > [0, a, ] x! 5a; EZy} 
i=0 


is a polynomial semigroup if and only if f =t (mod n) and uv’ = 
u (mod n). 


The proof is left as an exercise for the reader. 
No modulo integer polynomial groupoid has {0} as an ideal. 


THEOREM 2.4.2: Let 
X={T= > [0, a, ]x' ,* (4 u),a,tu €Z,} 
i=0 


and 
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Y={S= > [0, a, ] x! ,*(ut,a,tu eZ} 
i=0 


be modulo integer interval polynomial groupoid of level one. P. 
CX is a left ideal of X if and only if P is a right ideal of Y. 


This proof is also left as an exercise for the reader. 


Suppose we construct yet a new class of interval polynomial 
groupoids using Z, say 


P= { 5°10, a. | Kee (t, t), te Z, \ {0} and a; € Z,} 
i=0 
be the modulo integer interval polynomial groupoid and if ~ = 
{collection of all P’s for varying t; t € Z,} then each P is a P- 
interval groupoid. 

The following theorem is left as an exercise for the reader to 
prove. 


THEOREM 2.4.3: Let 
T={)> [0,4,]x' > * (60,6 a; €Z,} 
i=0 
be the modulo integer interval polynomial groupoid. Clearly T 


is a P-groupoid. 


Remark 2.4.1: We have a class of n— 1 modulo integer interval 
polynomial groupoids built using Z,. All these (n — 1) groupoids 
are P-groupoids. Further as n varies in Z’ we get infinite classes 
of P-groupoids. 


Next we will show that when n is a prime and t # | then the 
class of modulo integer interval polynomial groupoids are not 
alternative groupoids. 
THEOREM 2.4.4: Let 


T={)> [0,a,]x', * (it) Gee Zyl Sp 
i=0 


p a prime be a modulo groupoid. Clearly T is not an alternative 
groupoid. 
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Proof: Given T is a modulo integer interval polynomial 
groupoid. To show T is an alternative groupoid we have to 
prove (x * y) *y=x*(y*y) forallx,yeT. 


Now 
Gy) * y= [So.aax' + 5 ob 1x) +{ 00.515’ 
= [>t [0, {+6 mods” : Y [0 b,]x’ 
= y [0, (a;t” +b,t” +b,t)\(modp)]x""! I 
a 0a tii [St0.a,° J+{ 10.6, * S10, b,3 


8 


[xt [0, a, 4 210, [tb, + tb; ](modp)]x™ ] 


>, [0, (ta; + t”b, + t”b, (mod p)]x7"" II 


j+i=0 


Land II can be equal if and only if t? = t (mod p) but when p 
is a prime and 1 <t<p, t? =t (mod p) is impossible. 
Hence T is not an alternative interval polynomial groupoid. 


Remark 2.4.2: If 
T={)> [0,a,]x',* (0; 1#t eZ}, 
i=0 


T is not a alternative interval polynomial groupoid for a; € R™ 
ora; € O ora; € C’ ora, € Z. Hence we have a larger 
classes of interval polynomial groupoids which are not 
alternative. 


Proof is obvious as t” = t is impossible for any t € Z” \ {0}. 


The following result can be easily proved by the reader. 
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THEOREM 2.4.5: Let 


T= ore: a,]x', *, (t,t), a; © Z,, n not a prime number}, 
i=0 
T is an alternative modulo integer interval polynomial groupoid 
if and only if f =t (mod n). We have as in case of groupoids 
some of the modulo integer interval polynomial groupoids to be 
Smaradache groupoids. 


Example 2.4.45: Let 
ts {>°[0, a, | x! 9 i d, 5), > di, iL, SE Zs} 
i=0 


be a modulo integer interval polynomial groupoid of level two. 
Take 


S={57[0,a,]x', * (1, 5), {0, 5} CZs}. 


It is easily verified S is a semigroup of interval polynomial. 
Thus T is a Smarandache modulo integer interval polynomial 
groupoid of level two. 

Several properties enjoyed by general groupoids and 
Smarandache groupoids can be derived as a mater of routine. 
This is left as exercise for the reader. 


Next we proceed onto define the notion of interval matrix 
groupoids using modulo integers, positive integers, rational 
integers, reals and complex. 


2.5 Interval Matrix Groupoids 


Throughout this section if A = (aj) 1s a matrix then ajj’s are 
intervals from Z, or Q or R or C or QU {0} or R* U {0} or Z” 
U {0} or Z. Now we proceed onto define different types of 
interval matrix groupoids. 


DEFINITION 2.5.1: Let A = {faj, ..., a,] be such that each a; = 
[0 x;], [0, x;] is an interval in Zz 5x; €Zy i=, 2, ..., n} (Lin - 
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modulo integers). We call A a 1 xn row modulo integer interval 
matrix. 


We will illustrate this by some example. 


Example 2.5.1: Let A = [[0, 2], [0 1], [0, 5], [0, 3], [0, 11], [0, 
4], [0, 2], [0, 7], [0, 3]]; A is a 1 x 9 row modulo integer 12 
matrix with intervals from Z,, . 


Example 2.5.2: Let A = [[0, 20], [0 2], [0 19] [0 11], [0 12], [0 
15], [0 21], [0 1], [0 0], [0 3]] be a 1 x 10 row modulo integer 
interval matrix with entries from Z),. 


DEFINITION 2.5.2: A = {/aj, ..., A,] is defined to bea 1 xn row 
integer interval matrix if a; € Z'}. If in A = [aj, ..., An], a; © O', 
1 S$ isn then we define A to be al xn row rational interval 
matrix. 


Likewise one can define a 1 x n row real interval matrix if the 
entries are from R' and 1 x n row complex interval matrix if the 
entries are from Cl. 


We will illustrate each of these by examples. 


Example 2.5.3: Let A = [[0, 4], [—3, 2], [—7, 14], [15, 21], [11, 
17] [15, 22] [-25, —2], [0, 24], [-2, 70]] be a 1 x 9 row integer 
interval matrix with entries from Z. 


Example 2.5.4: Let B = [[5, 9], [3, 7], [13, 18], [11, 12] [0, 47], 
[0, 1], [1, 21], [47, 48], [51, 112], [100, 109], [300, 308], [1000, 
4001], [0, 1] [0, 21], [13, 18]] be a 1 x 15 row integer interval 
matrix or 1 x 15 integer interval row matrix with entries from 
(Z* VU {0}). 


Example 2.5.5: Let T = [[-5/2, 1], [7/25, 19], [19/3, 25], 
[—21/19, 19], [-43/3, —7], [3, 12], [0, 5], [-21/4, 0]] be al x 8 
row rational interval matrix 1 x 8 rational interval row matrix 
with entries from Q'. 


80 


Example 2.5.6: Let W = [[0, 2], [7/5, 20], [5/14, 27/4], [2/5, 
21/13], [19/3, 42]] be a 1 x 5 row rational interval matrix with 
entries from [Q’ U {0}]) = QF U {0} = {[a, b] /a, be QU 
{O}}. 


Example 2.5.7: Let P = [[0, V7/8 ], [9/V11,V29 ], (0, V5 J] be 


a 1 x 3 row real interval matrix with entries from Rj U {0}. 


Example 2.5.8: Let T = [[-V3,V11], [V2,V29 ], [3,V43 ], 
[V51 53], [-V43 , 0], [7, 15], [- 2, 0], [5/7, 9]] be a1 x 8 row 


real interval matrix or 1 x 8 real interval row matrix with entries 
from R’. 


Example 2.5.9: Let S = [[0, i], [— I, 1 + 41], [2 + 41, 26 + 47%], 
[—71, O], [-8 + I, 14 + 3i]] be a 1 x 5 row complex interval 
matrix with entries from C'. 


Now having seen | x n row interval matrix we now proceed 
onto define m x 1 column interval matrices. However from the 
context one can easily understand whether the interval row 
matrix is real or rational or complex or so on. 


DEFINITION 2.5.3: Let 


be am x 1 column matrix where a;’s are intervals from Q or Z 
or Z, or RorC. 

Then we define S to be am x 1 column interval matrix or S 
is a interval m x I column matrix. 


We will illustrate this by some simple examples. 
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Example 2.5.10: Let 
[9, 1] 
[0,12] 
[0, 9] 
[9, 1] 
0, 3] 
0,9] 


S= 
[ 
[ 


be a 6 x 1 modulo integer interval column matrix with entries 
from Z),. 


Example 2.5.11: Let 


1,0] 
72) 
9,12] 
=) 
1,0] 
10,16] 
25,41] 
-42,47] 


[ 

[ 

[ 
va[E 

[- 

[ 

[ 

[ 


be a 8 x 1 column integer interval matrix with entries from Z’. 
Example 2.5.12: Let 

0,V7] 

V3,V41] 


—/31,48] 


[ 
Il 
[ 
[W2.-17] 


be a 4 x 1 column real interval matrix with entries from R’. 
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Example 2.5.13: Let 


[v3,V19] 


S=| [20,25] 


[vi4,./247] 


be a3 x 1 real column interval matrix with entries from R7. 


Example 2.5.14: Let 
fi, 2+ 31] 
[0, 41] 
[—4+1,20+ 71] 
[-5-71, 0] 
[21,141 + 42] 
[21,171] 
[3 4] 
[0, 51] 
[-I, 90] 
07, 27 +1] 


be a 10 x 1 column complex interval matrix with entries from 
Cc! 
Now we will define a usual interval matrix. 


DEFINITION 2.5.4: Let V = (vj) where 1 Sisn, 15 js mbea 
n xm matrix whose entries v; are intervals from Z! or Z' or QO! 


or R' or C’. We define V to be an xm interval matrix. 
We will illustrate this situation by some examples. 


Example 2.5.15: Let 
[0,1] [0,9] 
A=/[0,3] [0,1] |, 
[0,9] [0,6] 


A is a3x2 modulo integer interval matrix with entries from Z),. 
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Example 2.5.16: Let 


[=3;1)) [2x3] [0,7] 
[-7,0] [-11,0] [1,5] 
A=|[-3,1] [0,0] [1,1] 
[2,5] [-5,3] [37,101] 
[-7 7] [1 6] [7 


be a 5 x 3 integer interval matrix with entries from Z'. 


Example 2.5.17: Let 


[7.14] [v3.vi1] [-7.0] 


= |[-3,v92] [0,2] [-5,2] 
[3.V4i]  [-5/7,1] [9.91] 


be a3 x 3 real interval square matrix with entries from R’. 


Example 2.5.18: Let 


[0,7] [-3,0] 

[2,4] [1,10] 

[3,7] cag 

[14,19]  [-16,/247] 
W =| [V3,V31] [V5,V53] 

[-12) (779,32) 

[3,3] [0,1] 

[0,7] [14,19] 

[1,10] [19] 


be a 9 x 2 real interval matrix. We say an interval n x m matrix 
A = (aj) is square if n = m and rectangular ifn 4 m. 
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Example 2.5.19: Let 
Be fe [3,8] [7,9] | 
[0,7] [-3,2] [-7,0] 
be a 2 x 3 interval matrix. 


Now having defined the notion of interval matrices now we 
proceed onto make them groupoids. 


Let 

P(Z,) = {[Oa]/aeZ,] 

P(Z' U {0}) = f{fab]/b#0,a<sbaeZ*u {0}. 
P(Q? VU {0}) = {[a,b]/a,b40 € Q*U {0} aK<b}. 
P(R{ U {0}) = {[a,b]/a,b#0 eR’ VU {0} a<b} and 
PCC; U {0}) = {[a, b] = [x + iy, a; + iby]; x <a; andy <b, 


x, y,a,beR?. 
We will now define operations on the interval matrices which 
takes its entries from P(Z' ), P(Q? U {0}), P(R} U {0}), P(Z; 
U {0}) and P(C; U {0}). 


DEFINITION 2.5.5: Let G7" = {0, ai], ..., [0, an]]| a; € Zy 1S 


i <m}; denote the collection of all 1 x m interval row matrices. 
Define a binary operation * on G;" as follows. 


Let A = {[0, aj], ..., [0, An]] and B = [[0, bi], ..., [0, bn] 
E Gy where a; b; € Z,; 1 Si <m. 


A*B = £f0, ai], ..., [0, mj] * [[0, bi], .... [0, bm]] 
= [[0, a,]* [0, bi], ..., [0, An] [0, bm]. 
= [[0, ta; + ub; (mod n)]/, ..., [0, tam + ubm (mod n)]] 


where t, u € Z,, \ {0}. Clearly ( Ge * (t, u)) is defined as the 


row interval 1x m matrix groupoid using Z,. 


We will illustrate this situation by some examples. 
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Example 2.5.20: Let Gy = {[[0, ai], [0, a2], [0, a3]]/ ai € Zs, 0 
< a; < 3}. Choose (2, 3) = (t, u); where 2, 3 € Zs. {G2’, *, (t, 


Zs ? 
u)) is a groupoid, that is it is a row interval 1 x 3 matrix 
groupoid. Choose 
A =[[0, 1], [0, 3], [0, 2]] 


and B=[[0, 4], [0, 1], [0, 2]] 
in Ge 
ABs ((f0. 151053]. (0; 21) (10,4 ).)(0;: 1]; [05-21] 
=  [[9, 1] * [0, 4], [0, 3] * [0, 1], [0, 2] * [0, 2]] 
=  [[0, 2+12 (mod 5)], [0, (6+3) mod 5], 
[0, 4+ 6 (mod 5)]] 
= [[0, 4], [0, 4], [0, 0]. 


It is easily verified that ‘*’ on G7" is non associative. 


Example 2.5.21: Let {Gy , *, (1, 2)} be a row matrix interval 
groupoid. 


Next we can give examples of groupoids using Z” or R® or Q” or 
Cc 

Example 2.5.22: Let G?? = {[a1, a2], [a3, a4], [as, a6], [a7, as], 
[ao, aio] |are Z UL {0}, aj Sau 1Si <9}. {Ge * (3, 7)} isa 
row matrix interval groupoids using Z* U {0}. 

Example 2.5.23: Let Ge" = {[[a1, ao], ..., [a53, asa] ]3 ai < ais; 1 
<i<53;a € ZU {O}}, {G", *, (2, 53)} is a row matrix 
interval groupoid of row interval matrix groupoid using Z” U 
{0}. 

Example 2.5.24: Let Ge = {[ay, a] [a3, aa]] | a; e QU {0}; 1 
<i< 4; a, < aust, (Ge. * (7, 13)} is a row interval matrix 


groupoid using Q” U {0}. 
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Example 2.5.25: Let G>* = {[ai, a2] [a3, a4], ..., [ais, aie] ai < 
ail <i< 15 laj e RU {03}; {G™, *, (7, 2)} is a row interval 


#39 
Ry 


matrix groupoid using R® U {0}. 


Now we proceed onto define column matrix interval groupoid. 


DEFINITION 2.5.6: Let 
a,,a 
J ; df a, S4,,; 
Ce = £54] 1<i<2n 
a,EO’ UL} 
fs, 95057] 


be a column interval matrix using O* U {0}. 
Define * on Gr as 
A*B = ffajaj+i]} * {bi bisif} 
{[ta; + ub; tajs; + ubj+1]} 
= td4+uB; 
(2h) = Lie eZ CG * (t, u)} is a column interval 


matrix groupoid (column matrix interval groupoid). 
We will illustrate this situation by some examples. 


Example 2.5.26: Let 


[ 
[a, 
Ge = i i. iii 
[a, 
[a 


be a column interval matrix groupoid (column interval matrix 
groupoid). 
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{G&', *, (5, 19)} with binary operation *, that is for A, B € 


es 3D 
Zi 


Go" A* B=5A + 19B. 


Example 2.5.27: Let (G*", *, (7, 1)) where 


pra 
C 


[a,,a,] 2 
get = |] Nh cig 
' [a;,a¢] 7 
ee a. eC U {0} 
798 


be a column interval matrix groupoid built using C” U {0}. 


Example 2.5.28: Let 


[a,,a,] a; = ai 
Gr" = 5|[a;,a,] | | Isis 


[a,,a,]| ja, eZ, 


be the collection of all matrix column groupoids with * on Gy ; 
A *B=2A +B (mod 3). 


DEFINITION 2.5.7: Let G?°"= {A = {[a;,.4;]mm be am xn 
interval matrix, asa EO’ U {0}; a, < a, ;1lsism, 1sj Sn}. 

Define * on Go. by A*B = 14 + uB; tu € QO’; then Go. 
* (t, u); t #u, (t, u) = 1) is amxn interval groupoid built using 


Q; . 


We can construct mxn interval groupoid using Z,, Z;, R}, Q7 
and C;. 
We will illustrate this situation by some examples. 
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Example 2.5.29: Let 
[a,.a,] [a;,,a,] |}a; Sa,,, 
Gr = <![a,,a,] [a,,a,] ||l1<a, <8 
[a5,4i9] [41.412] }} a, eZ, 
be a3 x 2 interval matrix using the groupoid Zio. { Z;, ,*, (5, 7)} 
is a3 x 2 interval matrix groupoid using Zo. 


Example 2.5.30: Let 
(al,al] [aja,] [al,al]||ai eZ? U0} 
Gy” = 4\[ar.a3] [a3,a4] [a3,a6]]] 1si<3 


[a;,a3] [a3,a,] [as.ag] |] 1<j<6 


ay < ai ,J=l, 2, ..., 6} be a 5 x 3 interval matrix with entries 


from Z” U {0} or Z}. {G°°, *, (3, 19)} is a 5 x 3 interval 


me 
Zi 


matrix groupoid using entries from Z* U {0}. 


Example 2.5.31: Let 


re inv ae i? 34 14 
favas) Laaseal. laesde] laste la5.ail 

: 2 2 2 2 2 2 2 2 2 2 
Ge = ¢| [41,541] [4735414] [4455416] [4172419] [4452429] 


a, ER? U {0};a; Sai 31<i<2;1< j<19 


j+l? 


be a 2 x 5 interval matrix built using R” U {0}. {G*, *, (3, 2)} 


+ 9 
Ry 


is a2 x 5 interval matrix groupoid using R; . 


Example 2.5.32: Let 
[ai,a,] [a5,a,] [as.ag] a, €Q* U {0} 
cis — Jflaraad [as.az] [as.ac]] | a} <a), 
Qt oe ae S28 a 33 ; 
[a;,a,] [a3,a,] [a;,ag]} |} 1<i<4 
[a;.a3] [a3.a;] [as.ag]] ]1<j<s 


89 


be a 4 x 3 interval matrix with entries from Q7. iGe: Pee Co 


19)} is a interval matrix groupoid with entries from Q’. 


If m = n then we see the interval groupoid is a square interval 
groupoid. 


We will illustrate this by some examples. 


Example 2.5.33: Let 


en 1 1 1 1 a, Ss Z* U {0} 
[a,,a, ] [a,,a,] [a;,a,] 


i i 
3x3 2.2 2.2 O39 lee 
G>. = [a;,a;] [a;,a4] [a;,a¢] 
3.23 2.455 3.28 <1i<3 

[a; a5] [a;,a; | [az,a¢ | : 
f= 5 


be a 3 x 3 interval matrix with entries from Z;. { Ge re Gr 


13)} is a interval groupoid matrix with entries from Z? . 


Example 2.5.34: Let 
[ai.a,] [43.44] [a5.a6] [a7.a5] [a5.aio 
[ay.a3] [a3,a4] [as.ag} [a;.as] [a5,a%o 
gos — J] raz] [5.46] [as.ac) La7.as] [a5,a%0 
* — |)farsa3] [as.ac] [as.ae] [a7.ag] [a5.an 
[a}.a3] [a3,a,] [ag.a,] [a;.a,} [a5.aio] 


467,34 <4 (1 SiS51< 729 


be the collection of intervals from Z,. {G>”, *, (3, 5)} is a 5x5 


square interval groupoid with entries from Zs. 
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Example 2.5.35: Let 


a.eRi 

G [aia | [asa | a.Sai, 
ss asa | [a3.a; | 1=1,2. 
1<j<3 


be a 2 x 2 interval matrix with entries from R,. { Ga Pols 


23)} is a2 x 2 square interval groupoid from R; . 
Example 2.5.36: Let 


1<t<l6,a;, <a; 


i+1j+1? 


Gios — E Pee ] 
a ij? ~i+lj+l te 
” 1<i,j<15,a; €Q* U {0} 


be the set of all 16 x 16 interval matrices with entries from Q’. 
tes * (7, 19)} is a square matrix interval groupoid with 


entries from Q?. 
Example 2.5.37: Let 


t 

iS et aj, €Zy),1<5t <8, 

Ga, ~ Eee : : _ 
aj Sa; 1<i,j<15 


it+1j+1? 


be a collection 8 x 8 interval matrices with entries from Z), . 


{G*", *, (17, 3)} be a square matrix interval groupoid with 


entries from Z}, . 


Now we proceed onto define some more properties of these 
matrix interval groupoid. 


91 


DEFINITION 2.5.8: Let LG * (t, u), t u © O} be a row 


interval matrix groupoid built over Q; . 
Let Pee Ge if {P, *, (t, u)} is itself a row interval matrix 
I 


groupoid then we say {P, *, (t, u)} to be a row interval matrix 
subgroupoid of £ Gey * (t, u)} built using QO; . 


We can have subgroupoid of row matrix interval groupoids 
constructed using Z;, Z', Rj, C; and Qf. 

We will illustrate this situation by some examples. 
Example 2.5.38: Let Gr a {([a1, a], [as, aa], [as, a6], [a7, ag], 
[ao, aio]), *, (3, 5), ai © Ziz; 1 <1 < 10; a; < aj.,} be a row matrix 
interval groupoid built using Z,, . 

Take P = {([a1, a2], [a3, a4], [as, ac], [a7, ag], [ao, aio]) | ai € 
{0, 2, 4, 6, 8, 103, *, (3, 5), aS ani} C Gr .P is a row matrix 


1x5 
Tie. 
12 


S = {([a1, a | [a3, a4] [as, a6], [az, ag | [ao, a10]) | aie {0, oy 6, 
91, *, (3, 5), a < aw} C Ge is a row matrix interval 


interval subgroupoid of G 


1x5 
if . 
Zin 


subgroupoid of G 


Example 2.5.39: Let Gs = {((ay, a], ..., [ais, aie] /ai € Zy 3 ai 
< ain, 1 = 1, 2, ..., 15; *, (17, 2)} be a row matrix interval 
groupoid built using Z; . 

Consider P = {([a1, a2], ..., [ais, ai6]) | ai € OZ), i= 1, 2, ..., 
1367517, 2) SC Ge ; P is arow matrix interval subgroupoid of 
Gy", built using Z;. 

Take L = {[a1, az], [as, a4], [0 0], [0 0], [0 0], [0 0], [0 0], [0 


O]} | a1, a2, a3, a4 € Z[5 a; S aims, *, (17, 2)} C G7"; Lis also a 


row matrix interval subgroupoid of G**. 
I 
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Example 2.5.40: Let G*? = {[a1, ao], [a3, a4] ai € R” U {0}; ais 


aint; 1 <i < 3, *, (31, 43)} be a row matrix interval groupoid 
built using R7. 

Consider P = {([aj, ao], [a3, a4]); aj S avy, 1 <1 < 3, *, (31, 
43); a e QU {O}} c Ge. P is a row matrix interval 
1x2 
Rt * 

Consider T = {({a1, a2], [a3, a4]); ai € ZU {0}; a < an, i= 


1, 2, 3; *, G1, 43)} c Ge; T is also a row matrix interval 


subgroupoid of G 


subgroupoid of G’*’. Infact it is easy to verify TCP c GY’. 


On similar lines we can define interval matrix subgroupoids in 
case of column matrix interval groupoid and mxn interval 
matrix groupoid. 


We will leave this easy concept to the reader, however 
substantiate this by some examples. 


Example 2.5.41: Let 
[a,,a,] 
Gr = 5| [43.44] | | ai €Z20; ai Sain; 1 S15} 
[as.a] 


be a column interval matrix using Z},.G = {G°"', *, (5, 7)} is 


Zi” 
a column interval matrix groupoid. 
Take 


[a,,a,] || a; € Zy9 
Ps [a;,a,] Lei= 3; oe (5, 7)} 
[0,0] || a; <a,,, 


c {G>", *, (5, 7)}. P is a column interval matrix subgroupoid. 


If we take 
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[a,,a,] 
T= 4|[a;,a,] |/a, € {0,2,4,6,...,18 CZ, , *, (5, 7), 
[a;,a, | 
a<auj;1<i<5}c {Gy , *, (5, 7)} = G; T is a column 


interval matrix subgroupoid of G. 


Example 2.5.42: Consider G = (Ges * (3, 17)} where 


[a,,a,] 

Batal Ta Q* U0}; 
Gy = ‘ Ke aS Ot 

oe 1<i<ll 

[a,,a 

eae 


G is acolumn interval matrix groupoid built using Q7 . 
Take 


[21.2 | 
[9, 0] 
a.eZ U {0} 
P= [asa] a, <a CG; 
[9, 0] ie 
1<i<5 
[a;.a, | 
[9, 0] 
P is a column interval matrix subgroupoid of G. 
Take 
[a,,a,] 
[25,4] a cree 
a, €2Z° U {0}; 
_ {{ [asa] ee. 
L= Lies ee cG; 
[a,,as] 
a; Sai,) 
[a,,a 
eal 
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L is acolumn interval matrix subgroupoid of G. 


Example 2.5.43: Consider 


[a,,a, | 
i+]? 
a.,a 
g- Gm =f Bel lisisi,  },*(03,2) 
a.ER VU $0 
[250439] || * ‘8 


be a column interval matrix groupoid. 


Let 


[a,,a, | F 
i — “i+l? 
a,,a ; 
P= ee 1<i<19; > *, (13, 2)} cG; 
a.€Q' Uf0 
geile 


P is a column interval matrix subgroupoid of G. 


Example 2.5.44: Let 
a,,a : 
G= [ ‘| a, €C;i=1,2,3,4 
[a,,a,] 
are proper intervals, *, (3, 5)} be a column interval matrix 
groupoid. 
Take 
= [a,,a, ] ok . 
T= a,,a, €C;*, (3,5)} CG; 
[0,0] 
T is a column interval matrix subgroupoid of G. 
Example 2.5.45: Let 
[a,,a,] [a;,a,] a; € L36;3 
G= Gr = [a;,a,] [a,,a,] a; Sains (6 6 11)} 
[agsa4q) - [ajaeag || Ses 
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be a3 x 2 interval matrix groupoid built using Z;,. 
Consider 
[a,,a,]  [a;,a,] }J4i € 236.3 
P= [0,0] [a,,a,] ]Ja, Sa, 
[ay,a,,] [0,0] lain 
* (3, 11)} CG}, P is a3 x 2 interval matrix subgroupoid of G. 


Example 2.5.46: Let 


a Fe ae 
[as,a;] [a,,a.] 
a, €Q” U {0}sa; <a,,,;1<51<7;*, (19, 7)} be a 2 x 2 interval 


matrix groupoid built using Q; . 


Take 
s fee a) 
[a;,a,] [a,,ag] 
a, €Q* U {0};a; <a,,51<i1<7, *, (19, 7)} CG, P is a square 
interval matrix subgroupoid of G. 


Example 2.5.47: Let 


[a,.a,] [a,,as] [413.814] [419.420] 
G=4| [43,44] [4a] [415,416] [421.82] 
[as,46] [411.412] [ay7.41g] [453,424] 
a, eZ" U{0};a, <a,,,;151< 23; *, (23, 2)} be a 3 x 4 interval 
matrix groupoid using Z; . 
Consider 
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[a,,a,] [as,a,] [0,0] — [0,0] 
S = 4| [0,0] [a;,ag] [8,49] [411.412] 
[a;,a,] [0,0] [0,0] [413.414] 


a €Z* U{O};a, <a, ;1<i<13, *, (23, 2)}} CG S is a 3x4 


i+1? 


interval matrix subgroupoid of G. 


Now we define some of the properties enjoyed by these interval 
matrix groupoids. 


DEFINITION 2.5.9: Let G be a interval matrix groupoid (built 
using Z, or Z; or Q, or R; or C)). A interval matrix 
subgroupoid V of G is said to be a normal interval matrix 
subgroupoid or interval matrix normal subgroupoid of G if 

(a) aV=Va 

(b) (Vx)y = V(xy) 

() yOV) = Ox) V 
for allx, y,a EV. 


If a interval matrix groupoid G has no interval matrix 
normal subgroupoid then we define G to be a simple interval 
matrix groupoid; we say an interval matrix groupoid G is itself 
normal if 

(a) x G=Gx 

(b) G (xy) = (Gx)y 

(c) y (xG) = (VxXJG 
for allx, y €G. 


Example 2.5.48: Let 


[eal 
[esd] 


G is a column interval matrix groupoid built using Zi, . 


a, Db; C, de Z 12, (4, 8)}, 


Consider 
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p= J) ob de {0,4,83,*, (4,8)} 
[c,d] a, D, C, Ee > 4, ae - 


P is anormal interval matrix subgroupoid of G. 


Inview of this we have the following theorem. 


THEOREM 2.5.1: Let G = Gi? = {all m x p interval matrices 


with entries from Z! }, *, (t, u) such that t+ u =n, (t, u) =t; t/n 


and n even} be a mxp matrix interval groupoid with I <m, p < 


oo}. 


Then G has matrix interval normal subgroupoid. 
The proof uses simple number theoretic techniques. 


Example 2.5.49: Let G = {([a, b], [c, d], [e, f]) | a, b, c, d, e, f € 
Zio, *, (8, 4)} be a interval matrix groupoid. Take P = {([a, b], 
[c, d], [e, f]) | a, b, c, d, e, f e {0, 4, 2, 8, 6}}, *, (8, 4)} CGisa 
matrix interval subgroupoid of G but need not be a interval 
matrix normal subgroupoid of G as 4/10 and 4+ 8 # 10. 


DEFINITION 2.5.10: Let G be a interval matrix groupoid built 
using Z' or Z; or Q; or R;. Gis said to be a interval matrix 
P-groupoid if (AB) A = A (BA) for all A, B €G. 


Example 2.5.50: Let G = {([x, y] [a, b], [c, d]) | x, y, a, b, c, d, 
€ Z,; *, (t, t)} be a 1 x 3 row matrix interval groupoid; G is a 
row interval matrix P-groupoid. 


Take 
A= ([a1, bi], [a2, b2] [a3, b3]) 
and 
B= ([x1 yi] [x2 yal [% ys]) 
A,BeG. 
Consider 


(A* B)*A = (La, bi], [ao, bo] [as, bs]), as [x1 yil, [X2, yo], 
[xs, ys]) * {(La1, bi], [a2, bo] [as, bs])} 
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= ([tx, + tay, ty, + tb; ], [tx + tao, ty2 +tb>], [tx3 + ta3, 
ty3 + tbs]) * ({a: b;], [a2 bz], [a3, b3]) 
= (([t’x, + t’a, + tay, t’y), tb, + thy], 
[t?x. + tay + tay, t’y. + t’b» + tbo], 
[t? x3+ t’asttas, t’y3 + t°b3 + tbs]) (I) 
Consider 
A* (B¥A) = ((a1, bi] [a2, ba], [a3, bs]) * 
([X1, Yi], [x2 yo], [xs, ys]) * 
(Lay, bi], [a2, bz], [as, b3]) 
= ([a1, by] [ao, by], [a3, bs]) * ([tx, + ta), ty as tb,], 
[tx SE ta2, ty2+tby], [tx3+ta3, ty3 aa tb3]) 
([ta, + t?x, + tay, th, + ty, + bi], 
[tay + tx, + t?a, th. + ty. + t’bo], 
[ta; + t?x; + t’as, tb; + t’y; + t’b3]) Il 
It is easily verified that (A*B)*A = A* (B*A) for all A , B 
EG. 
Thus G is a interval matrix P-groupoid. 


In view of this we have the following theorem. 


THEOREM 2.5.2: Let G = G{r? = {{all m x p interval matrices 


with entries from Z! }, *, (t,t), t € Z, \ {0}} be am x p interval 
matrix groupoid built using Z'. Clearly G is am x p matrix 
interval P-groupoid. 


DEFINITION 2.5.11: Let G be a mxp interval matrix groupoid. If 
(A * B) *B=A * (B * B) forall A, B & G; we define G to bea 
mxp interval matrix right alternative groupoid. 

If (A * A) * B = A* (A * B) forall A, B & G then we define 
G to be am x p interval matrix left alternative groupoid. 

G is said to be a mxp interval matrix alternative groupoid 

if G is both m x p interval matrix right alternative groupoid and 
left alternative groupoid simultaneously. 
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Example 2.5.51: Let 


[a,b] 
G= | a, beeydse, t,o, he: Zs. *,.(3,.3) 
[g,h] 


be a 4 x 1 row interval matrix groupoid built using Z;. G is not 


an alternative 3 x 1 row interval matrix groupoid. Let 


[a,,b, ] [x.y] 

ie [a,,b,] ‘pe [x,,y2] 

[a;,b;] [x3,y3] 

[a,,b,] [X4,Y4] 

be in G. 
Consider 

[3a, +3x,,3b, +3y, | [x,,y,] 
(A*B)*B= [3a, +3x,,3b, +3y,]] , | [%,.¥2] 
[3a, +3x,,3b, +3y,] [xy | 
[347 3% 530g F3y | [xXeyyl 


[9a, + 9x, +3x,,9b, + 9y, + 3y,] 
[9a, + 9x, +3x,,9b, + 9y, +3y,] 
[9a, + 9x, +3x,,9b, + 9y, +3y; | 
(9a, FOX 3k 9b, SOV; + 3y, | 


[4a, + 2x,,4b, +2y,] 

_| [4a, +2x,,4b, +2y,] a 
[4a, +2x,,4b, +2y,] 
[4a, +2x,,4b, +2y,] 
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Now consider 


[a,,b,] [6x,,6y, ] 


A* (B*B)= [a,,b,] % [6x,, 6y, | 
[a;,b,] [6x,,6y, | 
[a,,b,] [6x,, 6y, ] 


[3a, +18x,,3b, +18y, ] 
[3a, +18x,,3b, +18y, ] 
[3a, +18x,,3b, + 18y, ] 
[3a, +18x,,3b, +18y, ] 


[3a, + 3x,,3b, +3y, | 
_ | (3a, +3x,,3b, +3y,] ” 
[3a, +3x,,3b, +3y,] 


[3a, +3x,,3b, +3y, ] 


I and II are not equal. Thus G is not a 4 x 1 interval matrix 
alternative groupoid. 


In view of this we have the following theorem which can be 
easily proved using simple number theoretic techniques. 


THEOREM 2.5.3: Let G = Gf" = {all collection of m x n 


interval matrices with entries from Z', *, (t, t), t< p} be amxn 


interval matrix groupoid built using Z : ; Gis notamxn 


interval matrix alternative groupoid if p is a prime. 


THEOREM 2.5.4: Let G = G{;? = {all m x p interval matrices 


with entries from Z' n-not a prime, *, (t,t), ; t € Z, \ {0}} bea 
m xX p matrix interval groupoid. G is an alternative mxp interval 
matrix groupoid if and only if ¢ =t (mod n). 
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Example 2.5.52: Let G = Gr = {all 7 x 3 interval matrices 


with entries from Des *, (3, 3)} be a 7 x 3 interval matrix 
alternative groupoid as 3” = 3 (mod 6). 


THEOREM 2.5.5: Let G = Gy’ = {all mxp interval matrix with 


entries from Z', * (t, 0), t € Z, \ {0}} be am x p matrix interval 


groupoid. G is a P-groupoid and alternative groupoid if and 
only if =t (mod n). 


Example 2.5.53: Let G = {3 x 8 interval matrices with entries 
from Z,,, *, (4, 0)} be a3 x 8 interval matrix groupoid. G is 


clearly a interval matrix P-groupoid and interval matrix 
alternative groupoid. 


2.6 Smarandache Interval Groupoid 


As in case of usual groupoids we can in case of matrix 
interval groupoids also define the concept of Smarandache 
groupoids. 

We will illustrate this concept. 


Example 2.6.1: Let G = {Gr, * (1, 5)} be a3 x 8 matrix 


interval groupoid. Take P = {3 x 8 interval matrices from the set 
£0, 5t, *, (1, 5)} c G is easily verified to be a 3 x 8 matrix 
interval semigroup. Thus G is a Smarandache 3 x 8 matrix 
interval groupoid or 3 x 8 interval matrix Smarandache 
groupoid. 


THEOREM 2.6.1: Let G = {G{7", *, (t, u) such that t, u € Z,, | 


{0}; (n > 5); t + u =1, (mod n) and (t, u) = 1} beam x p 
interval matrix groupoid using Z'. Then G is a Smarandache m 


x p interval matrix groupoid. 


(We give only hint of the proof). 
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Proof: For every m € Z, is such that m * m = mt + mu = m. 
Thus every singleton is a semigroup. Hence the claim. 
We have yet another new result about Smarandache interval 


matrix groupoid using Z, . 


THEOREM 2.6.2: Let G = {G{;" ; *, (t, u) where t + u = I(mod 


n)} be am x p interval matrix groupoid. G is am x p matrix 
interval Smarandache P-groupoid if and only if ¢ = t(mod n) 
and u’ =u (mod n). 


Proof: \t is already proved G is a m x p matrix interval 
Smarandache groupoid if t+ u= 1 (mod n). Now to show G is a 
m x p matrix interval Smarandache P-groupoid if and only if t’ 
=t (mod n) and u’ = u (mod n). 

Let An xp (Lai, aisijsi]) and Bun xp ([bij, bisij+1)) with 1 <1 
<m-—1and1<j<p-—1.To show Gis am x p matrix interval 
S-P-groupoid (Smarandache-P-groupoid) we have to show (A * 
B) * A=A * (B* A) forall A, B € G. 

Consider 

(A*B)*A = [([aij, aisigui]) * ([bi, bisyjei]) * (Lay, aisi+i]) 

= [(tai; oF ubj;) (mod n), (taisijer oF ubj+1;+1) (mod)] . (Lai, aisijtt]) 
= [(t’a; + tub; + uajj) (mod n), (Case + tubisijer + tas) ] 


I 
Consider 
A*(B¥A) = (aij, ainijei]) * ([(tby + ay) mod n, 
tbisij+1 + Uaj+ij+1) mod nj) 
= [(taj oF utb; ap w aij) mod n, 
(taisiju + utbjsijy + Wai+ij+1) mod n] Il 


Using the fact t® = t (mod n) and uw’ = u (mod n) we see I and II 
are equal. Hence G is a m x p interval matrix S-P-groupoid. 
We will illustrate this situation by some simple examples. 


Example 2.6.2: Let G = {G*", *, (4, 9)} be a 3 x 4 interval 


Zi? 
matrix groupoid. It is easily verified that G is a 3 x 4 interval 
matrix S-P-groupoid. 
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THEOREM 2.6.3: Let G = {G";’, * (t, uw); tu © Z, \ {0} with t 


De? 
+ u =1 (mod n)} be am x p matrix interval groupoid. G is am 
x p matrix interval Smarandache alternative groupoid (m x p 
matrix interval S-alternative groupoid) if and only if f =t (mod 
n) and u’ =u (mod n). 


The proof is simple and can be obtained by using number 
theoretic techniques. For definition of different types of 
Smarandache groupoid using interval matrices please refer [20- 
21]. Thus using those definition in [20] we will prove results 
related with them. 


Example 2.6.3: Let G = {G>", *, (3, 9)} be a 3 x 1 column 
interval matrix groupoid built using Z;,.G is a column interval 


matrix Smarandache Moufang groupoid. 
It can be easily verified for all A, B, C € G; (A * B) *(C* 
A) = (A * (B*C)) * A is true. 


Likewise we give an example of a matrix interval Smarandache 
Bol groupoid. 


Example 2.6.4: Let G = {G>,", *, (2, 3)} be a 5 x 7 matrix 
interval groupoid. It is easily verified G is a Smarandache Bol 
groupoid. For A, B, C in P we have ((A*B)*C) * B = A* 
[(B*C)*B)] where P = {All 5 x 7 interval matrices with entries 


from the subset {0, 2} c Zu, *, (2, 3)} c G. However the 
identity is not true for all elements in G. 


Example 2.6.5: Let G = (Ge. , * (5, 6)} be a interval 12 x 5 


matrix groupoid built using the intervals of Z,,. 


It is easily verified for every 12 x 5 interval matrices A, B, 
C in G; (A * B) * (C * A) = [A * (B * ©)] * A. Thus G is a 
interval 12 x 5 matrix Smarandache strong Moufang groupoid. 
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THEOREM 2.6.4: Let G = {G7;", * (m, m); m €Z, withm + m 


= 1(mod n) and m’ = m(modn)} be a q x p matrix interval 
groupoid}; 
G is aq Xp matrix interval Smarandache strong P-groupoid. 
G is q x p matrix interval Smarandache idempotent groupoid. 
G is aqx p matrix interval Smarandache strong Bol groupoid. 
G is aq xX p matrix interval Smarandache strong Maufang 
groupoid. 
G is aq x p matrix interval Smarandache strong alternative 
groupoid. 


Note: q and p are positive finite integers 1 < p, q << «©; p=q can 
also occur. 
The proof is left as an exercise for the reader. 


THEOREM 2.6.5: Let G = {Gir", *, (2, 0), 2 € Zim} be ap xq 
interval matrix groupoid built using intervals from Z},. G is a 


P *q interval matrix S-groupoid. 


Proof: Follows from the fact when intervals {[0, 0], [m, m], [0, 
m]]} ¢ Z,,, are taken as entries of the p x q interval matrix the 


collection is a p x q interval matrix semigroup under the 
operation *. Hence the claim. 


THEOREM 2.6.6: Let p x q matrix interval groupoid G = 
{G2", * (m, 0)} built using Z', n = 2m is a Smarandache p x 


I I 
Zn 


g matrix interval groupoid. 


Proof is left as an exercise for the reader. 


COROLLARY 2.6.1: G = {G"*,*, (p,0) where p is a prime and p 


/nj, the tx s interval matrix groupoid is a tx s interval matrix S- 
groupoid. 


Several other results in this direction can be derived. Now we 
proceed onto define classes of groupoids built using intervals. 
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2.7 Classes of Groupoids Built Using Intervals 


In this section we indicate the classes of groupoids built using 
intervals from Z) or (Z* U {0});= 


Z; = {[a, b]la<b,a,beZ U {03} or 
Q, = {[a, b]]a<b,a,be Q’ U {O}} 

R; = {[a, b]| a<b,a,b eR’ U {0}} and 
Ct = {[a, b]]a<b,a,beC’U {0} 
C’ = {x + iy/x, y are positive real} }. 


C(Z., px q)= {f Grn = {all p x q matrices with entries from 


Zi}, *, (t, u) / t, u € Z,} / t and u vary over Z, with all 
possibilities (t, u) = 1 or (t, u) = d or (t, u) =t or (t, u) =u or (t, 
0) or (0, t) or (t, t)}. Thus C(Z!, p x q) is defined as the class of 
p X q matrix interval groupoids built using Z; . 

Clearly C(Z\, pxq) has only finite number of such p x q 
matrix interval groupoids for a fixed p and q (p and q are 
positive integers). If p = 1 we call 1 x q interval matrix groupoid 
as interval row matrix groupoid built using Z\ and is denoted 
by (Z;, 1 x q) for a fixed q. Similarly (Z;, p x 1) denotes the 
class of interval column matrix groupoid for a fixed p. 

Likewise (Z;, m x m) denotes the class of interval m x m 
square matrix groupoid built using Z;. In Z,, n is finite but n 
can be prime. Thus we have 4 types of class of matrix interval 


groupoids. Further the collection of interval 1 x 9 row matrix 
groupoids for varying q is infinite so we have an infinite 


number of classes (Z;, 1 x q) where q € Z’. This is true of any 


p x qorp x 1 orm xn matrix interval groupoids p, gq, m € Z’. 
We will describe some of the properties enjoyed by them. 


THEOREM 2.7.1: The groupoids in this class (Z;, t x u, (0, p)) 
are Smarandache matrix interval groupoids (n-even). 
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COROLLARY 2.7.1: No matrix interval groupoid in this class of 
groupoids C(Z;, t x u, (0, p)) is a n-even matrix internal S 
idempotent groupoid. 

Both the results hold good for the class of groupoids C(Z;, 


t x u, (p, 0)) n-even. 


THEOREM 2.7.2: Let C(Z;, t x u (m, m)) where m +m = 1 
(mod n) and m° = m (mod n) be the class of matrix interval 
groupoids for the specific m’s then 
1. C (Zi, t xu, (m, m)) are matrix interval S-idempotent 
groupoids. 
2. C (Zi, t xu, (m, m)) for those special m are matrix 
interval Smarandache strong P-groupoids. 
3. C(Z’, t xu, (m, m)) for that specific m’s are matrix 
interval Smarandache strong Bol-groupoids. 
4. C(Z’,t xu, (m, m)) are matrix interval Smarandache 
strong Moufang groupoids. 
5. C(Z’, t xu, (m, m)) are Smarandache strong matrix 


interval strong alternative groupoid. 


THEOREM 2.7.3: C(Z;, mxs, (1, p)) / p is a prime and p /n) © 
C(Z;, mxs, (1, p)) contained in the class of interval mxs matrix 


groupoids are interval mxs matrix S-groupoids. 


THEOREM 2.7.4: The subclass of groupoids C(Z;, m xs, (t, u) 
/t+u=I1(mod n)) C C(Z;, m xs (t, u)) are m xX s matrix 
interval S-idempotent groupoids. 


THEOREM 2.7.5: The subclass of groupoids C(Z;, m xs, (t, u) 
/t+u=1 (mod n) andt =t (mod n) andw =u (mod n)) c 
C(Z;, m x s, (t, u)) are matrix interval Smarandache P- 


groupoids. 
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THEOREM 2.7.6: The subclass of groupoids C ((Z;, mxs, (t, u)) 
/tt+u=l (mod n), uw’ =u (mod n), ¢ =t (mod n)) CC (Z", mxs, 
(t, u)) are matrix interval Smarandache alternative groupoids. 


THEOREM 2.7.7: The subclass of groupoids C (Z;, mx s, (t, u)) 
/t + u=l (mod n), uv =u (mod n), ¢ = t (mod n)) CC (Z", mx 


s, (t, u)) are mxs matrix interval Smarandache strong Bol 
groupoids. 


THEOREM 2.7.8: The subclass of groupoids C (Z;, m xs, (t,u)) 
/t+u=I1(mod n), u’ =u(mod n), ¢ = t(mod n)) CC (Z;, MXS, 


(t, u)) are m xX s matrix interval Smarandache strong Maufang 
groupoid. 


The above theorems can be easily derived using the 
definition and simple number theoretic techniques. 

Now we proceed onto define classes of groupoids using Z” 
U {0} etc. 

C(Z;, m x n, (p, q) = {(collection of all m x n interval 
matrices with entries from Z; together with * binary operation 
on G>." such that for A, B ¢ Go", A * B=pA + gB, where p, 


q € Z and p, q vary over Z’ to give the class of mxn matrix 
interval groupoids using Z;}. Clearly this is an infinite 
collection. Likewise C (Q;, m x n, (p, q)) p, q € Q’ is again a 
class of m x n matrix interval groupoid of infinite cardinality. 

Similarly C(R},m xn, (p, q)) p,q ¢ R’ andC(C},mxn,p,q 
€ R’) are classes of m x n matrix interval groupoids of infinite 


cardinality. Here m and n are fixed for that class as m and n 
‘ ; + < : 5 . 
varies in Z’ we get different classes of matrix interval groupoids 


using Q7 or Z; or RF or Cy. 
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Chapter Three 


ON SOME NEW CLASSES OF 
NEUTROSOPHIC GROUPOIDS 


In this chapter we for the first time introduce the new concept of 
neutrosophic groupoids. The algebraic structures like 
neutrosophic groups, neutrosophic semigroups, neutrosophic 
rings, neutrosophic fields and neutrosophic vector spaces have 
been introduced by the authors. It is pertinent to mention that all 
those algebraic structures were associative structures. We 
assume by a neutrosophic set a non empty set S with the 
element I, the indeterminate. So if S is a neutrosophic set I ¢ S. 
This chapter has seven sections. Section one introduces the 
concept of neutrosophic groupoids. Section two introduces new 
classes of neutrosophic groupoids using Z,. Neutrosophic 
polynomial groupoids are introduced in section three. Section 
four introduces the notion of neutrosophic matrix groupoids. 
Neutrosophic interval groupoids are introduced in section five. 
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Neutrosophic interval matrix groupoids are introduced in 
section six and neutrosophic interval polynomial groupoids in 
section seven are described. 


3.1 Neutrosophic Groupoids 


We now proceed on to define a neutrosophic groupoid and 
illustrate it by some examples. 


DEFINITION 3.1.1: Let S be a neutrosophic set which is non 
empty. Let * be a closed binary operation on S such that a* 
(b*c) #(a * b) * c for some a, b, c € S. We call (S, *) to be a 
neutrosophic groupoid. 


It is interesting to note that all neutrosophic semigroups are 
neutrosophic groupoids but a neutrosophic groupoid in general 
is not a neutrosophic semigroup. Thus the class of all 
neutrosophic semigroups is contained in the class of 
neutrosophic groupoids. 


We will illustrate this new structure by some examples. 


Example 3.1.1: Let {Z UI} =N(Z) = {a+ bI | a, b €Z}. Define 
the binary operation subtraction ‘“—’ on N(Z). {N(Z), —} is a 
neutrosophic groupoid. 

It is easily verified ‘—’ operation on N(Z) is non associative. 
Thus (N(Z), —) is not a neutrosophic semigroup as ‘—’ operation 


on N(Z) is not associative. 


Example 3.1.2: Let N(Z3) = {a + bI /a, b € Z3} = {0, I, 21, 1, 2, 
1+ 1,2 +1, 21 + 1, 21 + 2}. Define a binary operation * on 
N(Z;) as follows. For x, y € N(Z3) define x * y = x + 2y (mod 
3) ‘+’ usual addition. 


It is easily verified (N(Z3), *) is a neutrosophic groupoid. 
Example 3.1.3: Let G = {M2 x3 = (mj) / mj € N(R), 1 <1< 2 


and 1 <j <3}. Define a operation * on G as follows. If A = (aj) 
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and B = (b,) are in G. A * B = (2a; + 3bj,). It is easily verified 
(G, *) 1s a neutrosophic groupoid as ‘*’ is a closed non 
associative binary operation on G. 


Now having seen some examples of neutrosophic groupoids we 
now proceed onto define the cardinality of these algebraic 
structures. 


DEFINITION 3.1.2: Let (G, *) be a neutrosophic groupoid. If the 
number of distinct elements in G is finite, then we say G has 
finite cardinality or finite order and we denote it by |G| < oo. If 
G has infinite number of elements then we say G has infinite 
cardinality and is denoted by |G| = or 0(G) = 


We see neutrosophic groupoids given in examples 3.1.1 and 
3.1.3 are of infinite order and the neutrosophic groupoid given 
in example 3.1.2 is of finite order. 


DEFINITION 3.1.3: Let (S, *) be a neutrosophic groupoid. 
Suppose H CS be a proper subset of S and if (H, *) is itself a 
neutrosophic groupoid then we call (H, *) to be a neutrosophic 
subgroupoid of (S, *). 


We will illustrate this situation by some examples. 


Example 3.1.4: Let S = {N(Z), *} be a neutrosophic groupoid 
where for any x, y € N(Z); x * y =5x + 3y. Take H = {a+ bl | 
a, b € Z'}; (H, *) is a neutrosophic subgroupoid of S. 


Example 3.1.5: Let S = {N(Zs), * where a * b = 2a + b} bea 
neutrosophic groupoid. 

Take H = {ZsI}, (H, *) is a neutrosophic subgroupoid of S. 
In example 3.1.4 if we take H; = {Z"} Cc N(Z); we see (Hj, *) is 
a groupoid but (Hj, *) is not a neutrosophic groupoid. Likewise 
in example 3.1.5. H, = (Zs, *) is a subgroupoid of (N(Zs), *) but 
H; is also not a neutrosophic groupoid. 


Thus in view of this we give a definition. 
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DEFINITION 3.1.4: Let (S, *) be a neutrosophic groupoid. If P = 
H such that (P, *) is a groupoid but is not a neutrosophic 
groupoid then we call (P, *) to be a pseudo neutrosophic 
subgroupoid of (S, *). 


We will first give some examples of this definition. 


Example 3.1.6: Let {N(Zj2), *} = G be a neutrosophic groupoid 
where ‘*’ is such that x * y = 3x + 7y (where ‘+’ is addition 
modulo 12}; for all x, y € N(Zj2). Take H = {Z), *} we see H 
is a groupoid and is not a neutrosophic groupoid. So H is a 
pseudo neutrosophic subgroupoid of G. 


Example 3.1.7: Let V = {N(Z), * where * is such that a * b = 8a 
+ 9b for a, b € N(Z)}. V is a neutrosophic groupoid. 

Take W = {Z, *} c V = {N(Z), *}; W is a pseudo 
neutrosophic subgroupoid of V. 


DEFINITION 3.1.5: Let (V, *) be a neutrosophic groupiod. If V 
has no neutrosophic subgroupoid; then we call V to be a 
neutrosophic simple groupoid or simple neutrosophic groupoid. 


Example 3.1.8: Let V = {Z7I, *; a * b = 2a + 3b(mod 7)} be a 
neutrosophic groupoid. Clearly V is a simple neutrosophic 
groupoid. 


Example 3.1.9: Let V = {Z3I, *; where a * b = 2a + b(mod 3)}. 


Oni Te ea 
0 | I | 2i 

I | 21} 0] I 
21} I | 21 | 0 


be a neutrosophic groupoid. V is also given the table 
representation. V is a simple neutrosophic groupoid. 
Thus we have a class of simple neutrosophic groupoids. 


Now we proceed onto define pseudo simple neutrosophic 
groupoids. 
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DEFINITION 3.1.6: Let (V, *) be a neutrosophic groupoid. If V 
has no nontrivial pseudo neutrosophic subgroupoids then we 
define (V, *) to be a pseudo simple neutrosophic groupoid. 


We will illustrate this by some examples. 


Example 3.1.10: Let V = {QI, *} be a neutrosophic groupoid. 
Clearly V is a pseudo simple neutrosophic groupoid as V has no 
nontrivial pseudo neutrosophic subgroupoids. 


Note: If {0} c V are call {0} to be a trivial pseudo neutrosophic 
subgroupoid. 


Example 3.1.11: Let V = {Z,,I, *, where * is defined for any a, 
b € ZI as a * b = 3a + 5b(mod 11)}, V is a neutrosophic 
groupoid which is a simple pseudo neutrosophic groupoid as V 
has no nontrivial pseudo neutrosophic subgroupoids. 


DEFINITION 3.1.7: Let (V, *) be a neutrosophic groupoid if V is 
both a simple neutrosophic groupoid as well as pseudo simple 
neutrosophic groupoid then we call (V, *) to be a doubly simple 
neutrosophic groupoid. 


We will illustrate this by some simple examples. 


Example 3.1.12: Let V = {Z,l, *} where for a, b € Z7l;a*b=a 
+ 2b (mod 7). V is a doubly simple neutrosophic groupoid. 


Example 3.1.13: Let V = {ZI, * where a * b = 8a + 11b for a, b 
€ ZI} be a pseudo neutrosophic simple groupoid and is not a 
doubly simple neutrosophic groupoid. 

Thus we see a simple neutrosophic groupoid need not in 
general be a doubly simple neutrosophic groupoid. In fact by 
appropriately defining **’ on Z,I; p a prime we can get a class 
of doubly simple neutrosophic groupoids. 

Also we have got a class of groupoids which are not doubly 
simple neutrosophic groupoids. For take {N(Z,), *} = V (pa 
prime) forms a class of neutrosophic groupoids which are not 
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doubly simple neutrosophic groupoids as {Z,I, *} c {N(Z,), *} 
is a nontrivial neutrosophic subgroupoid of V and {Z,, *} Cc 
{N(Z,) *} is a nontrivial pseudo neutrosophic subgroupoid of V. 
Hence the claim. 


Having defined substructures of a neutrosophic groupoid we 
now proceed onto define the notion of neutrosophic groupoid 
homomorphisms. 


DEFINITION 3.1.8: Let (G, *) and (H, o) be two neutrosophic 
groupoids. A map n : G > H is said to be a neutrosophic 
groupoid homomorphism if the following conditions hold good. 


() nal 
(ii) n(a * b) = na) o H(b) for all a, b &G. 


The interested reader is expected to give examples of them. 
It is important to mention that I should be mapped only onto I 
and no other element can be substituted as I stands for the 
indeterminacy. 

Another factor which is to be noted in case of these 
algebraic structures is that neutrosophic groupoids may or may 
not have identity. An element e in a neutrosophic groupoid such 
that e * x = x * e =x for all x € Gis called the identity. Even if 
0 € Git does not in general imply 0 * x =x * 0 =x forall x € 
G. Thus with these special properties it is not always possible to 
define kernel of the homomorphism. 

However we can define as in case of other algebraic 
structures isomorphism. A homomorphism which is one to one 
and onto is defined as an isomorphism. 


Example 3.1.14: Let (G, *) = {Zyl, * is such that a * b=a+ 2b} 
and (H, 0) = {N(Z7) ‘o’ is such that ao b = a+ 2b} be any two 
neutrosophic groupoids. Define n : (G, *) — (H, 0) by n (a * b) 
= ao b for all a, b € G. It is easily verified yn is a 
homomorphism of G to H. 


The interested reader can construct any number of neutrosophic 
groupoid homomorphism. 
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Having defined the notion of neutrosophic groupoid 
homomorphism we can now proceed onto define the another 
substructure. 


DEFINITION 3.1.9: Let (G, *) be a neutrosophic groupoid. Let H 
CG be a proper subset of G. We say H is a neutrosophic ideal 
of G if the following conditions are satisfied; 


i. (H, *) is a subgroupoid 
ii. Forallg € Gandh EH, g *handh* gare in H. 


We will illustrate this situation by some examples. 


Example 3.1.15: Let G = {0, I, 21, ..., 15ST} = Zi6I. Define ‘*’ 
on G by a * b = 2a + 3b (mod 16I) for a, b € G. (G, *) is a 
neutrosophic groupoid. Take H = {4I, 81, 0, 121}, {H, *} is a 
neutrosophic subgroupoid of (G, *). 


It is easily verified that H is not a neutrosophic ideal of the 
neutrosophic groupoid G. It is easily verified G has no 
neutrosophic ideals. 


Example 3.1.16: Let G = ZsI = {0, I, 21, 31, 41, 5I, 6l, 71, 
define * on G by a * b = 2a + 4b (mod 81) for a, b € G. (G, *) is 
a neutrosophic groupoid. Take {0, 2I, 41, 61} =H c G (H, *) is 
a neutrosophic subgroupoid of (G, *). 


It is easily verified that (H, *) is a neutrosophic ideal of (G, *). 

Thus we see some neutrosophic groupoids contain 
neutrosophic ideals and others do not contain any neutrosophic 
ideals. 


DEFINITION 3.1.10: Let (G, *) be a neutrosophic groupoid. 


Suppose G has no proper neutrosophic ideals then we call (G, 
*) to be ideally simple neutrosophic groupoid. 
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Can we have non trivial ideally simple neutrosophic groupoids. 
We explicitly show a class of such neutrosophic groupoids. 


THEOREM 3.1.1: Let G = Z,,J = {0, I, 21, ..., 2"1— I} (modulo 


integers 2"I, n = 2}. Define a operation * on G bya * b = ma + 
nb (mod 2"1) for all a, b € Gandm +n =a prime in G andm, n 
€ Z,,, (G, *) is a ideally simple neutrosophic groupoid. 


Proof: Given G is a neutrosophic groupoid of a special order 2°; 
n => 2. Now the operation on G is also such that a * b = ma+ nb 
(mod 2") for all a, b ¢ G with m + n = a prime in G and m, 
neG. 

Let H be any proper neutrosophic subgroupoid of G. Any 
element in H is of the form {2°T| s= 1, 2, ...,2"}. Letm, ne G 
such that m+ n = prime. 

Now for any odd prime a € G and b € H we must have a * 
b to belong to H. 

Thus ma + nb ¢ Has ma+ mb # 27] for any s,s = 1, 2, ..., 
2". For if m + n = prime at least one of m or n must be of the 
form p.q where q or p is an odd neutrosophic prime such that 
ultimately m + n= a neutrosophic prime, @ and @ < 2”. 

This is not possible. Hence G = Z,n1 is ideally simple 


neutrosophic groupoid. 


Note: When we say n is a neutrosophic prime; n = pI where p is 
a prime. Likewise when we say pure neutrosophic modulo 
integers we mean Z,I = {0, I, 2], ..., (nl — I) = (n — 1)I}. Thus 
Z31 = {0, I, 21}; 21+ 1 = 31 = 0 (mod 3]). 

N(Z,) = {a+ bI/a, b € Z,}. Clearly N(Z,) is neutrosophic 
modulo integers (but N(Z,) # Z,l. Z,l C N(Z,)) and is not a pure 
neutrosophic modulo integers. Further Z,I 2 Z, both are 
different as one is pure neutrosophic where as other is pure 
modulo integers; only |Z,]| = |Z,| =n and Z,I A Z, = {0}. 


Now we proceed onto define new classes of neutrosophic 
groupoids using Z,, Z, Q and R. 
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3.2 New Classes of Neutrosophic Groupoids Using Z,, 


In this section we present some new classes of groupoids 
constructed using modulo integers. 


DEFINITION 3.2.1: Let Z,J = {0, I, 20, .... (n— DI}; n =3. For a, 
b €Z,I \ {0} define a binary operation * on Z,I as follows a * b 
= ta + ub (mod nl) t, u are two distinct elements in Z,lI \ {0} or 
Zn \ {0}. + is the usual addition of two neutrosophic integers 
modulo nl. {Z,1, (t, u), *} is a neutrosophic groupoid in short 
denoted by Z,I (t, u). 


It is interesting to note for a given Z,I we can construct several 
neutrosophic groupoids by varying t and u. (t # u; t, u € Z,I). 
Clearly every neutrosophic groupoid Z,I (t, u) is of order n we 
denote the class of neutrosophic groupoids built in this way 
using Z,I by Z(n)I. 


Example 3.2.1: Let Z3I = {0, I, 21}. The neutrosophic groupoid 
{Zsl, (I, 21), *} = Z31 1, 2D) is given by the following table. 


0 


21 | 21 | I 


Clearly this neutrosophic groupoid is non associative and 
non commutative and its order is 3. 

Likewise {Z3I, (21, D, *) = Zs! (21, I) is also a neutrosophic 
groupoid of order three given by the table. 
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We see from the tables that Z;I (I, 21) is not the same as Z3I 
(21, I). However it is important to note that we can have only 
two neutrosophic groupoids built over Z3I. 

Now consider the mixed neutrosophic modulo integers 
N(Z3) = {a+ bI /a, b € Z3} = {0, 1, 2, I, 21, 1 + I, 1 + 21, 2 + 21, 
2 +I}. We will study how many neutrosophic groupoids can be 
constructed using N(Z3). 


Example 3.2.2: Let N(Z3) be the mixed neutrosophic integers 
modulo Z3. 
Define * on N(Z;) as follows: 
a*b=l1.a+(1+Db 
for all a, b € N(Zp3). 
The table for this neutrosophic groupoid is given in the 
following. 


* 0 1 2 x 2I 1+I 2+] | 1421 | 2+2I 


0 0 
IH | 2 | 1 [242I/ 0 
ee ee 7s a a 
Hp iar} 2 fo a ow De 


2I ae 0 2I+1 Z || 221 
1+] : Si eT Er2b |) 2h 21 2 I 
2 lee| 2k 21 2+2I1 I ea 0 1+] 


rear ear 2a 1 [2+] oO | 2H | 2 
| 2421 | 2421] 0 | i | 2H | 2 | at | ot | | tar 


It is easily verified P = (N(Z;), (1, 1 + ID, *) is a non 
associative structure. Thus P is a neutrosophic groupoid we see 
using N(Z3) we can construct 56 number of neutrosophic 
groupoids. Thus we have a very large number of groupoids 
using N(Z3). 


Example 3.2.3: Let N(Z4) = {0, 1, I, 21, 31, 2,3, 14+1,2+1,3+ 
Ld 2b 26 21,34 31.1 3, 2+ 31,231} be the mixed 
neutrosophic modulo integers 4. 

We see 0 (N(Z,)) = 4° = 16 that is by order of N(Z4) we 
mean the number of elements in N(Z4). We can construct 2 (15 
C>), that is 210 number of mixed neutrosophic groupoids using 
N(Z,). 
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In view of this we have the following results. We call a 
neutrosophic groupoid to be pure if it does not contain any 
element x where x # 0 and x has no I present with it. (Z,I, (x, y), 
*). x, y € Z,I is a pure neutrosophic groupoid. We call (N(Z,), 
(x, y), *); x, y € N(Z,) to be a neutrosophic groupoid which is 
not pure. 


The following theorems can be easily proved by any reader. 


THEOREM 3.2.1: Let (Z,I, (x, y), *) be any pure neutrosophic 
groupoid of order n. There exists exactly 2C, — 1 C2 number of 
groupoids of order n built using Z,I. 


THEOREM 3.2.2: Let (N(Z,), (x, y), *) be any neutrosophic 
groupoid (which is not pure) built using N(Z). There exists 
2 >, Cy) number of such groupoids of order n. 


Let P = {0, 21} be a left ideal of Z,I(u, v) where u = 3 and v = 2. 
Clearly P = {0, 21} is a right ideal of Z,I (v, u). 


In view of this we have the following theorem the proof of 
which is straight forward. 


THEOREM 3.2.3: P is a left neutrosophic ideal of Z,I(u, v) if and 
only if P is a right neutrosophic ideal of Z,I(v, u); v, u € Z,1 \ 
{0}. 

Suppose P is a left neutrosophic ideal of (N(Z,,), (x, y), *); x, 
y € N(Z,) \ {0} then P is a right neutrosophic ideal of (N(Z,,), (v, 
Ke), 


In view of this we have the following theorem, the proof of 
which is left as an exercise to the reader. 


THEOREM 3.2.4: P is a neutrosophic left ideal of (N(Z,,), (t, u), 


*) if and only if P is a neutrosophic right ideal of (N(Z,), (u, 0), 
*) where u, t € N(Z,,). 
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THEOREM 3.2.5: No neutrosophic groupoid (Z,I, (t, u), *) 
[N(Z,), (t, u), *)] has £0} to be an ideal. 


Proof: Follows by the very operation in Z,I or (N(Z,)). 


THEOREM 3.2.6: The neutrosophic groupoid Z,I (t, u) is an 
idempotent groupoid if and only if t + u =I (mod n). 


Proof: Recall a neutrosophic groupoid Z,I (u, t) is an 
idempotent neutrosophic groupoid if and only if a * a = a (mod 
n I) for alla € Z,I (u, v). 

Now a*a=at+ua=(t+u)a=al (modnIJ)ast+u=I 
(mod nl). This is possible if and only if t+ u=I1 (mod n). 


We will illustrate this situation by an example. 


Example 3.2.4: Let Z,l (21, 51) be a pure neutrosophic 


groupoid. 
Take 0 * 0 = 0 (trivial). Consider 
Ll = 21. 
I*5IxI = 21+5I] 
= I(mod 6). 
2): * 2) = 21*21+51x2I 
= 41+10I 
=  2I (mod 61). 
So 
202) = 2I 
31 * 31 = 3Ix2I+3I1x SI 
= 61+ 15] 
= 31 (mod 61) 
AI * 4] = Al (easily proved) 
SI * 5I = 51. 


Thus Z,I (21, 51) is a pure neutrosophic idempotent groupoid. 
Infact there exists 4 neutrosophic idempotent groupoids 
constructed using ZI given by ZI (2], 51), Zel (SI, 21), Zel (31 
AT) and ZI (41, 31). In case of ZoIl we see there exists 7 
neutrosophic idempotent groupoids built using Zol. 
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THEOREM 3.2.7: Let Z,I (x, y) be a neutrosophic groupoid. If n 
is even there exists even number of neutrosophic idempotent 
groupoids. If n is odd then there exists an odd number of 
neutrosophic idempotent groupoids. 


This can be proved using simple number theoretic techniques. 
Consider the neutrosophic groupoid ZI (31, 41). Clearly Zl 
(31, 41) is a neutrosophic semigroup. 


For 
(a*b)*c = (3la+4Ib) *c 
= (3la+4Ib) 31+ 4Ic 
= 3la+A4lc. 
a*(b*c) = a*([3Ib+4lIc] 
= 3al+ (3lb+ 4Ic) 41 
= 3la+4lc. 


So (a * b) *c=a* (b *c) for all a, b, c € Zell. 


Thus ZI (31, 41) is a only neutrosophic semigroup and Z¢l 
(41, 31) is also a neutrosophic semigroup and not a neutrosophic 
groupoid as the operation * is associative. We see 4I * 4I = 
Al(mod 61) and 31 * 31 = 31(mod 61). 


In view of this we have in neutrosophic groupoids the following 
result. 


THEOREM 3.2.8: Let Z,J (u, t) be a neutrosophic groupoid. If t 
= t (mod nl) and uv = u (mod nl) then Z,I (u, t) and Z,I (t, u) are 
neutrosophic semigroups. 

The proof is straight forward. 

THEOREM 3.2.9: Let Z,/ (t, u) be a neutrosophic groupoid. If n 
is a prime number no groupoid built using with the operation x 


*y = ux + yt (mod nl); u, t € Z,I is a neutrosophic semigroup. 


The proof of this theorem is also left as an exercise for the 
reader. 
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Recall as in case of groupoids. We say a neutrosophic groupoid 
G is normal if 
i. xG=Gx 
ll. G (xy) =(Gx)y 
il. x(yG) =xy G for all x, y € G. 


Let G be a neutrosophic groupoid H and K be any two 
proper neutrosophic subgroupoids of G with HM K = 9. We say 
H is conjugate with K if there exists x € G such that H = xK or 
Kx. 

Several properties enjoyed by groupoids built using Z,(u, v) 
will be true for neutrosophic groupoids Z,I (u, v). 

However for this new class of neutrosophic groupoids 
(N(Z,), (u, v), *) we do not know whether all properties are 
derivable. However every neutrosophic groupoid Z,I(u, v) C 
(N(Zn) (u, Vv), *). 


Now we will define Smarandache neutrosophic groupoid. 


DEFINITION 3.2.2: Let G be a neutrosophic groupoid under the 
operation *. IfH <G; Ha proper subset of G is such that (H, 
*) is a neutrosophic semigroup then we call G to be a 
Smarandache — neutrosophic — groupoid _—_— (S-neutrosophic 
groupoid). 


It is left as an exercise for the reader to prove that every 
neutrosophic subgroupoid of a Smarandache neutrosophic 
groupoid need not in general be a Smarandache neutrosophic 
subgroupoid. 

We can build yet a new class of neutrosophic groupoids 
(Z,I, *) which is still restricted neutrosophic groupoid. To this 
end we say two neutrosophic number x, y € N(Z,) or Z,I are 
relatively neutrosophic prime if (x, y) =I or (x, y) = 1. Ifn = 25; 
(81, 91) =I so 81 and 91 are relatively neutrosophic prime. 

Take (2 + I, 71) = 1 so 2 + I and 7I are relatively 
neutrosophic prime. We do not differentiate (x, y) = 1 or (x, y) = 
I; x, y € N(Z,). 
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DEFINITION 3.2.3: Let Z,1 = {0, [, 21, ..., (n-D)I}, n> 3, n < 0, 
Define * a closed binary operation on Z,I as follows. For any a, 
b €Z,I define a *b =ta + ub; (t,u) =1(t Zu); tu €Z,1 \ £0}. 

We see (Z,], (t, u), *) is a neutrosophic groupoid defined as 
prime special neutrosophic groupoid. 


Take for example the set Zl. 


Example 3.2.5: (Zl, (31, 51), *) is a prime special neutrosophic 
groupoid. (ZI, (21, 41), *) is not a prime special neutrosophic 
groupoid. (Z.I (I, 41), *) is also a prime special neutrosophic 
groupoid (ZelI, (21, 31), *) is also a prime special neutrosophic 
groupoid. (ZI, (21, S51), *) is a prime special neutrosophic 
groupoid. Thus we have using Z,I, 18 prime special 
neutrosophic groupoids. 

Further we see the class of prime special neutrosophic 
groupoids built using Z,I is contained in the class of 
neutrosophic groupoids built using Z,I. 


It is an interesting and important problem to study the number 
of prime special neutrosophic groupoids built using Z,I. 

Now {Z,]I, (t, u), *} is a non prime special neutrosophic 
groupoid if (t, u) =rlift,u € ZL (t, u) =rift,u e N(Z,), reé 
Zn. We can also derive almost all properties for the new class of 
prime special neutrosophic groupoids. 


Example 3.2.6: Let (Zsl, (21, 41), *) be a non prime special 
neutrosophic groupoids which is not a prime special 
neutrosophic groupoid. (ZeI, (41, 41), *) is also a neutrosophic 
groupoid which is non prime special neutrosophic groupoid. 


Based on this we define yet another new class of neutrosophic 
groupoids. 


DEFINITION 3.2.4: Let {Z,l, * (tl, tD} be a neutrosophic 


groupoid. This neutrosophic groupoid is known as the equal 
special neutrosophic groupoid. 
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We see equal special neutrosophic groupoid is not a prime 
special neutrosophic groupoid or non prime special 
neutrosophic groupoid. 


We will illustrate this by an example. 


Example 3.2.7: Let (ZsI, (21, 21), *) be a equal special 
neutrosophic groupoid given by the following table. 


SO 2 
0 | 0 | 21} 41} I 
31 


I | 21 | 41 | I 


Consider (2I * 31) * 41 = 3], 21 * (31 * 41) = 21 (* 41) = 21. 

Thus (ZsI, (2I, 21), *) is a neutrosophic groupoid. Thus we 
have 3 neutrosophic groupoids called the equal special 
neutrosophic groupoids. 


THEOREM 3.2.10: Let (Z,/, (tl, tl), *) be a equal special 
neutrosophic groupoid. There exists (n — 2) equal special 
neutrosophic groupoids. 


Follows using number theoretic methods. 


THEOREM 3.2.11: The equal special neutrosophic groupoids 
are commutative neutrosophic groupoids. 


Proof: Given (Z,I, (tl, tl, *), t < 3 is a equal special 
neutrosophic groupoid. We have 


a*b = tla+tlb 
(a+b) tl, 

b*a = tlb+tla. 
= (bta)jtl. 


So a * b=b * a for all a, b € Z,I. Thus (Zyl, (tl, tl), *) are 
commutative neutrosophic groupoids. 
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THEOREM 3.2.12: (N(Z,), (tl, tl, *) is a equal special 
neutrosophic groupoid. Clearly (Z,I, (tl, tl), *) < (N(Z,) (tL, tD, 
*). Thus (Z,l, (tl, tl), *) is a equal special neutrosophic 
subgroupoid of the equal special neutrosophic groupoid. 


THEOREM 3.2.13: The equal special neutrosophic groupoids 
(Z,1, (t, ), *) are normal neutrosophic groupoids. 


Proof: Clearly the equal special neutrosophic groupoid (Z,I, (t, 
t), *) are normal for we have a (Z,], (t, t)) = (Z,I (t, t)) a for all a 
€ ZI. 

Also it is easily proved ((Z,I, (t, t)] x) y = (Z,I (t, t)] (xy) 
and (xy) (Z,I(t, t)) = x (y (Zl, (t, t)), p a prime. 

Thus we have a new class of equal special neutrosophic 
normal groupoids. 

Recall a neutrosophic groupoid G is said to be a P- groupoid 
if (xy) x = x (yx) for all x, y € G. 


We will first illustrate it by an example. 


Example 3.2.8: Zl (41, 41) is a neutrosophic P — groupoid. For 
take a, b € ZI (41 4D; 
a *(b*a) = a* (4Ib+ 4al) 
= Aal+ 4I (4Ib + 4al) 
= 4al+ 16Ib + l6al 
= 20al + 16Ib. (1) 


(a*b)*a = (4al+4bl)*a 
= l6al + 16bI + 4al 
= 20al + 16|b. (2) 


We see (1) and (2) are the same. Hence ZI (4I, 41) is a 
neutrosophic P-groupoid. 


We have a class of neutrosophic P-groupoids which is evident 
from the following theorem. 


THEOREM 3.2.14: The neutrosophic groupoids Z,lI (t, t) are 
neutrosophic P groupoids, t € Z,I. 


125 


Proof: For every x, y € Z,l (t, t) we have 


x*(y*x) = x* (y+ tx) 
= tx+tyttx. 
(x*y)*x = (tx +ty)*x 


tx+ty+tx. 


Thus (x * y) * x =x * (y * x) for all x, y € Z,I (t, t). Hence 
the claim. 


We see we have infact a large class of neutrosophic P-groupoids 
which is evident from the following theorem. 


THEOREM 3.2.15: The neutrosophic groupoids (N(Z,), (t, t), *) 
are P- groupoids. 


The proof of the above theorem is left as an exercise for the 
reader to prove. 

We say a neutrosophic groupoid G is said to be an 
alternative neutrosophic groupoid if (xy) y = x (yy) for all x, y 
EG. 


We first illustrate by an example the neutrosophic groupoid Zol 
(SI, 51) which is not an alternative groupoid. 


Example 3.2.9: Let Zol (SI, SI) be a neutrosophic groupoid. To 
prove x *(y *y)#(x* y) *y for x,y € Zol. 


Consider 

x*(y*y) = x*(Sly+ Sly) 
= 5Ix+25ly + 25ly 
= 53x+ 7ly+ 7ly 
= 5Ix+5ly. 

Take 

(x*y)*y = (OIxt5ly)*y 
= 25Ix+25ly + 5ly 
= TIx+3ly. 
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Thus x * (y * y) # (x * y) * y for all x, y € Zol (SI, 51). Hence 
Zol (SI, 51) is not an alternative neutrosophic groupoid. 


In view of this we have the following theorem. 


THEOREM 3.2.16: Z,/ (¢, t) are not alternative neutrosophic 
groupoids t € Z,I \ {0}. 


Proof: Consider x * (y * y) for any x, y € Zl (t, t). 


x*(y*y) = x* (ty + ty) 


= txttytty (1) 
*y)*y = (xtty)*y 
= txttyt+ty (2) 


Clearly (1) and (2) are not equal for all t. 
Hence the claim. 


THEOREM 3.2.17: All neutrosophic groupoids Z,l (t, t), n not a 
prime t € Z,1 \ {0} with ° =t(mod nl) are alternative groupoids. 


Proof: Given Z,I (t, t) is a neutrosophic groupoid such that n is 
not a prime and t* = t (mod nl). (t € Z,l) 
Consider 
x*(y*y) =  x* (ty + ty) 
= txttytty 


= tx+tyt+ty (1) 
Now 
(x*y)*y = (tx+ty)*y 
= txt+tyt+ty 
= tx+ty+ty (2) 


From (1) and (2) we see Z,I (t, t) is a neutrosophic 
alternative groupoid. 


The following theorem is left as an exercise for the reader to 
prove. 
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THEOREM 3.2.18: Let (N(Z,), (t, t), *) be a neutrosophic 
groupoid where t = t (mod nl), n anon prime. Then (N(Z,,), (t 
t), *) is an alternative neutrosophic groupoid. 

Thus we have non trivial class of alternative neutrosophic 
groupoids as well as a class of neutrosophic groupoids which 
are not alternative. 


3.3 Neutrosophic Polynomial Groupoids 


In this section we for the first time define the class of 
neutrosophic polynomial groupoids built using Z,I or N(Z,) or 
ZI or N(Z) or QI or N(Q) or N(R) or RI or N(C) or CI. 


a, €Z In<oo 
i=0 


Zyl[X] = [Sax 


x a variable or an indeterminate}. 


N(Z,)[X] = »3 a,x'|a, e N(Z,),n< a} 


Clearly Z,I [x] CN (Zn) [X]. 


ZI [x] = dan 


i=0 


a, €Z1n <«| 


N(Z)[x] = {daa a, €N(Z),n< -| 


and ZI[x] c N(Z)[x]. Similar notations for RI, N(R) and so on. 
Further ZI [x] c QI [x] c RI [x] c CI [x] and N(Z)[x] < 


N(Q)[x] < N(R)[x] < N(C)[x]. Now we can build finite classes 
of neutrosophic groupoids of finite or infinite order using Z,I[x] 
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and N(Z,)[x] and infinite classes of neutrosophic groupoid of 
infinite order using QI [x] or ZI [x] or N(Q)[x] or N(Z)[x] and 
so on. 


Groupoids built using N(Z,)[x], QI[x] and so on will in 
general be known as polynomial neutrosophic groupoids. 


DEFINITION 3.3.1: Let G = {Z,] [x], * (p, 9; pg © Z, \ {0}; p 
and q are primes} be such that if 
a(x) = ag tax +... + ay x" 
and 
b(x) = bo + by x +... + By x™ 
then 
a(x) * b(x) = ag * bo t+ (a; * bx + ... + (ay * b,)x" 
+ (0 * b, AD) xO + + (0 * Dy) x” 
= (pay + gho)(mod nI ) + (pa; + gbhi)(mod nI)x 
+ (par + gb>)(mod nl) x° + ... + (pay + qb,) 
(mod nI) x" + ... + (p0 + qbm) (mod n I) x” 
where a;, b; € Z,J. 


(fm < norm =n one can easily define * on Z,I [x]). Thus 


{Z,L[x], *% (p, D /p, g © LZ, \ £0}, p and q primes} = G is a 
neutrosophic polynomial groupoid of modulo integers of level 
one. 


We will illustrate this situation by some examples. 


Example 3.3.1: Let G = {Z).l[x], *, (3, 5)} be the polynomial 
neutrosophic groupoid of modulo integer of level one. 


Example 3.3.2: Let G = {Zyol [x], *, (7, 11)} be the polynomial 
neutrosophic groupoid of modulo integers of level one. 

Clearly we see the cardinality of both the polynomial 
neutrosophic groupoids given examples 3.3.1 and 3.3.2 are of 
infinite order. 


Now we give also finite order polynomial neutrosophic 
groupoids of level one. 
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Example 3.3.3: Let 


G= {3 a,x’ 
i=0 


a, € Z.b113)} 


be a neutrosophic polynomial groupoid of finite order. 


Example 3.3.4: Let 


G= {daa 


i=0 


a, €Z,,], 13)| 


be the finite neutrosophic polynomial groupoid. 
Example 3.3.5: Let 


G= 3 a.x' 
i=0 


a, € N(Z,,);(7,1 »| 


be an infinite neutrosophic polynomial groupoid as n < ©, 


Example 3.3.6: Let 
G= {}/a;x' 5 aj © N(Za3), (23, 29); n < 0} 
i=0 


is an infinite neutrosophic polynomial groupoid. 


Example 3.3.7: Let 
G= { a,x"; a; e N (Zs); (1, 2)} 
i=0 
be a finite neutrosophic polynomial groupoid. 


Example 3.3.8: Let 


G= [daw 
i=0 


a, NZ). 


is a finite neutrosophic polynomial groupoid built using N(Ze¢). 
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Now we can define neutrosophic polynomial integer (real or 
rational or complex) groupoid similar to the one given in the 
definition 3.3.1. 

We will illustrate this only by examples. 


Example 3.3.9: Let 


G= [daa 
i=0 


n<o;a, € ZI; asin| 


be a neutrosophic integer coefficient polynomial groupoid. 
Example 3.3.10: Let 


G= 3 a,x’ 
i=0 


n<o;a, €3ZI; 19) 


be the neutrosophic integer coefficient polynomial groupoid. 
Example 3.3.11: Let 


G= »3 a,x’ 


i=0 


n<o;ja, € ZI; 23,50} 


be a neutrosophic polynomial integer groupoid. 


Example 3.3.12: Let G = {Zax'; a; e N(Z); (3, 13)} be a 
neutrosophic polynomial integer groupoid of infinite order. 


Example 3.3.13: Let 


G= 3 a,x’ 
i=0 


n<o;a, € N(Z09.2} 


be a neutrosophic polynomial integer groupoid of infinite order. 
Example 3.3.14: Let 


G= {> a.x' 


i=0 


a.€ NZuC17} 
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be an infinite neutrosophic polynomial integer groupoid. 
Example 3.3.15: Let 


19 
P= {daw 
i=0 


a, € ZI; a2) 


be an infinite neutrosophic polynomial integer groupoid. 


DEFINITION 3.3.2: Let 


G= [Saat E 1(v.a)| 
i=0 


be a neutrosophic polynomial integer groupoid. If P CG is such 
that P is a neutrosophic polynomial integer groupoid under the 
operations of G then we call P to be a neutrosophic integer 
polynomial subgroupoid of G. 


It is to be noted in this definition we can replace ZI by N(Z) or 
Zyl or N(Z,) or N(Q) or N(R) or N(C) or QI or RI or CI. 


We will illustrate however all these by some simple examples. 


Example 3.3.16: Let 
G= {Sax'n 2 00,a, € NZD} 
i=0 


be a neutrosophic polynomial groupoid. 
Take 


10 
p= {Sana E NZD} CG; 


i=0 


P is aneutrosophic polynomial subgroupoid of G. 
Consider 


20 
X= {Sax E @a0.0.0)| cG; 


i=0 
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is also a neutrosophic polynomial subgroupoid of G. 
Let 


ES {daw 
i=0 


a, € ZI; @n| cG; 


be a neutrosophic polynomial subgroupoid of G. We see P and 
X are finite neutrosophic polynomial subgroupoids of G where 
as F is an infinite neutrosophic polynomial subgroupoid of G. 


Example 3.3.17: Let 


G= {Saw 


i=0 


a, EZ Ijn<o, a 


be an infinite polynomial neutrosophic modulo integer 
groupoid. 
Let 


25 
P= {daa 
i=0 


a, € ZI; as. cG 


be a finite polynomial neutrosophic subgroupoid of G. 
Consider 


A= {dan 


i=0 


a.€ Z103.9. cG; 
X is an infinite polynomial subgroupoid of G. 


Example 3.3.18: Let 


G= 3 a 
i=0 


a,€ N@.*.01} 


be an infinite polynomial neutrosophic integer groupoid; G has 
no finite polynomial neutrosophic subgroupoid. However G has 
infinitely many polynomial neutrosophic subgroupoids. 

Take 


P= {daa 
i=0 


a.€ Non,*.G.1} cG 
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are all infinite polynomial integer neutrosophic subgroupoids of 
G. 

Since m = 2, 3, ..., © we have infinitely many such 
subgroupoids but G has no finite polynomial neutrosophic 
subgroupoids. 


Example 3.3.19: Let 


G= {daa 
i=0 


a,€ a1.429.3} 


be a neutrosophic polynomial rational groupoid of infinite order. 
G has infinitely many polynomial neutrosophic subgroupoids of 
infinite order but has no neutrosophic polynomial subgroupoid 
of finite order. 

Take 


P= {Saa” 
i=0 


a, € QI, ava} cG; 


P is an infinite neutrosophic polynomial subgroupoid of infinite 
order. 


Example 3.3.20: Let 


20 
G= p3 a,x’ 
i=0 


a, € NeQussc17.23)| 


be a neutrosophic polynomial rational neutrosophic groupoid of 
infinite order. 
Take 


10 
W= bs Oa 
i=0 


is also an infinite polynomial rational neutrosophic subgroupoid 
of G. 


ae NQue-17.23)| cG 


Example 3.3.21: Let 


G= {Saa” 


i=0 


n<o,a, € NR. 
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be an infinite polynomial real neutrosophic groupoid. 
Let 


P= {x a.x',*, —2,7),a, € Na)| eG; 
i=0 
P is an infinite polynomial real neutrosophic subgroupoid of G. 


Example 3.3.22: Let 


26 
G= {daw 


i=0 


a,€ No.rcrtn| 


be an infinite complex polynomial neutrosophic groupoid. 
Take 


M= {Saw 


i=0 


a.€ Ri*7.19| cG, 
M is also an infinite complex polynomial subgroupoid of G. 


Now having seen examples of these groupoids now we proceed 
onto state that all properties and definitions like ideals of a 
groupoid, normal groupoid, normal subgroupoid, conjugate 
subgroupoids and so on which can always be adopted to 
neutrosophic polynomial groupoids with appropriate simple 
modifications. 

Only in case of homomorphism 7 of neutrosophic 
groupoids G and G’; we demand n(I) = I and n should be a 
groupoid homomorphism. By no means I should be mapped on 
to any real number for the indeterminate can never be 
compensated, it should always continue to remain as an 
indeterminate. The reader is expected to give some examples of 
polynomial neutrosophic groupoid homomorphism. 

We expect the reader to study the concept of substructures 
of polynomial neutrosophic groupoids. 

We call a polynomial neutrosophic groupoid G to be a 
Smarandache polynomial neutrosophic groupoid if G has a 
proper subset S where S under the operations of G is a 
polynomial neutrosophic semigroup. 


Now we define yet another new substructure in case of 
neutrosophic polynomial groupoids. 
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DEFINITION 3.3.3: Let 


G= Saw 


i=0 


a, = N(Q),*, (v.a)| 


be a neutrosophic polynomial groupoid of level one. 


Let 
P= oD a,x’ 


DP, gq are primes in QO Cc G. P is clearly a_ polynomial 
(sub)groupoid but is not a neutrosophic polynomial groupoid. 
We call P to be a pseudo neutrosophic polynomial subgroupoid 
of G. If G has no pseudo neutrosophic polynomial subgroupoid 
then we call G to be a pseudo simple neutrosophic polynomial 
groupoid. 


a,€0,*(p.g); 


We will illustrate both these situations by some simple 
examples. 


Example 3.3.23: Let 
8 
G= p2 a.x' 
i=0 


be a neutrosophic polynomial rational groupoid. 
Let 


a; € N(Q),*; (3, o} 


a. £92.40, cG 


W= »3 ax’ 


i=0 


is a pseudo neutrosophic polynomial subgroupoid of G. 


Example 3.3.24: Let 


G= {daa 
i=0 


a, € NLC} 


be a polynomial neutrosophic groupoid we see G_ has 
polynomial neutrosophic subgroupoids but G has no pseudo 
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neutrosophic polynomial subgroupoid. Thus G is a pseudo 
simple neutrosophic polynomial groupoid. 


Example 3.3.25: Let 


G= {dan 
i=0 


a.€ R029) 


be a neutrosophic polynomial groupoid. It is easily verified G 
has no pseudo neutrosophic polynomial subgroupoids hence G 
is a pseudo simple neutrosophic polynomial groupoid. 


In view of this we have the following theorem. 


THEOREM 3.3.1: Let 


a,€Z,I (ZI or RI or OI or C1), *, (p, q); 


G= {Sax 


i=0 


p and q primes in Z"} be a neutrosophic polynomial groupoid; 
clearly G is a pseudo simple neutrosophic groupoid. 


Proof: Since Z,I or ZI or QI or RI or QI are pure neutrosophic 
sets we see the polynomial groupoids G built using them cannot 
have even a single non zero real coefficient. Hence G is always 
a pseudo simple neutrosophic groupoid in such cases. However 
G can have neutrosophic polynomial subgroupoids. 


We give yet another theorem which gurantees the existence of 
pseudo neutrosophic polynomial subgroupoids. 


THEOREM 3.3.2: Let 


a,e N(Z, )(or N(Z) or N(Q) or N(R) or N(C)), 


G= {¥ a,x’ 


i=0 


* (p, g)}; be a neutrosophic polynomial groupoid. G has non 
trivial pseudo neutrosophic polynomial subgroupoid. 
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Proof: Take 


a, €Z, CN(Z,) 


p= {Sax 
i=0 


(or Z CN(Z), QCN (Q) or RCN (R) or CCN (©), *, (p, g)} 
Cc G. P is clearly a pseudo neutrosophic polynomial 
subgroupoid of G. 

Hence the theorem. 


Example 3.3.26: Let 
G= 1S: a,x’ 
i=0 


be a neutrosophic polynomial groupoid. 
Take 


a, € N(Z,,), (7, 5), *5 


a, €Z,,, (7,5), *} CG, 


W= > a x! 
i=0 
W is a pseudo neutrosophic polynomial subgroupoid of G. 


Example 3.3.27: Let 


G= {daa 
i=0 


a, €Z,,1*, (3, 17)} 


be a neutrosophic polynomial groupoid. Consider M = {Xa;x' | a; 
€ {0, 51, 101, 151, 201}, (3, 17)} c G; M is a neutrosophic 
polynomial subgroupoid of G. However G has no pseudo 
neutrosophic polynomial subgroupoids. Thus G is a pseudo 
simple neutrosophic polynomial groupoid. 


Note: If a neutrosophic polynomial groupoid has no 
neutrosophic polynomial subgroupoids as well as no pseudo 
neutrosophic polynomial subgroupoids then we define G to be a 
doubly simple neutrosophic polynomial groupoid. 


Example 3.3.28: Let G = {ax” | aj © ZL *, (3, 2)} be a 


neutrosophic polynomial groupoid. Clearly G is a doubly simple 
neutrosophic polynomial groupoid. 
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Next we proceed onto define level two neutrosophic 
polynomial groupoids. 


DEFINITION 3.3.4: Let G = {Sax' | a; € Z, (or N(Z,) or ZI or 
N(Z) or RI or QI or N(Q) or N(R)), *, (p, q) such that p and q 
are just numbers not necessarily prime but (p, q) = 1}; G is 
defined to be a polynomial neutrosophic groupoid of level two. 


We will illustrate by a few examples before we proceed onto 
define other levels of neutrosophic polynomial groupoids. 


Example 3.3.29: Let 


G= {Saw 
i=0 


a, € ZI, *, (9, 16)} 


be the neutrosophic polynomial groupoid of level two. 
Example 3.3.30: Let 


G= pas 
i=0 


a, € N(Q), *, (24, 49)} 


be the neutrosophic polynomial rational groupoid of level two. 


Example 3.3.31: Let 


G= [daa 
i=0 


a; € Z,.1 ? (9, 8), a 


be a neutrosophic polynomial groupoid of level two. 
Example 3.3.32: Let 


G= p3 a.x' 
i=0 


a, e N(C), *, (24, 35)} 


be the neutrosophic polynomial complex groupoid of level two. 
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Substructures as in case of level one groupoids can be 
defined in case of level two neutrosophic polynomials 
groupoids also. 

Further from the very context one can easily understand the 
level to which the polynomial neutrosophic groupoid belongs 
to. Now we define level three polynomial neutrosophic 
groupoids. 


DEFINITION 3.3.5: Let 


G= ps ax 


i=0 


a,<N(Q) 


(or OF, Z,I or N(Z,) or RI or N(R) or N(C) or Cl) /n S &, *, (p, 
Q; (p, 9 =a #1, p, g € Z}, Gis a polynomial neutrosophic 
groupoid defined as level three neutrosophic polynomial 
groupoid. 


We will illustrate this by some simple examples. 
Example 3.3.33: Let 


G= 1 a,x’ 


n<o,a, €Z,,I, *, G, 15)} 


i=0 


be a neutrosophic level three polynomial groupoid. 
Example 3.3.34: Let 


G= 3 a,x! 


i=0 


a, € ZI, *, (7, 147)} 


be a neutrosophic polynomial groupoid of level three. 
Example 3.3.35: Let 


G {Sax 
i=0 


a, € N(R), *, (3, 42)} 


be the neutrosophic polynomial groupoid of level three. 
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We can define substructure of level three neutrosophic 
polynomial groupoids as in case of level one neutrosophic 
polynomial groupoids. 


Now we proceed onto define level four neutrosophic 
polynomial groupoids. 


DEFINITION 3.3.6: Let 


G= {Saw 


i=0 


a, € N(Z,) 


(or Z,1 or N(Z) or ZI or RI or N(R) or N(Q) or QI or CI or 
N(OC)), *, (t 0; t © Z°} be a neutrosophic polynomial groupoid. 
G is defined as the neutrosophic polynomial groupoid of level 


four. 


We will illustrate this situation by some simple examples. 
Examples 3.3.36: Let 


29 
6 pa ak: 
i=0 


a, €QI, *, (5, 5)} 


be a neutrosophic polynomial groupoid of level four. 
Example 3.3.37: Let 


G= > a.x' 
i=0 


a, € N(R), *, (22, 120)} 


be a neutrosophic polynomial groupoid of level four. 
Example 3.3.38: Let 


G= {Sax 
i=0 


a, © N(Z,,), *, (8, 18)} 


be a neutrosophic polynomial groupoid of level four. 
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Substructure of these groupoids can be constructed as in 
case of other level groupoids. 
Finally we now proceed onto define level five groupoids. 


DEFINITION 3.3.7: Let 


G= 3 ax 
i=0 


a,€N(Z,) 


(or Z,1, ZI, N(Z) or OI or N(Q) or N (R) or RI or Cl or N (C)), 
* (0,t) t #0, t © Z} be a neutrosophic polynomial groupoid. 
We define G to be a polynomial neutrosophic groupoid of level 
five. 


We will illustrate this by some examples. 
Example 3.3.39: Let 


G= {Sax a, € N(Q), *, (3,0)} 


be a polynomial neutrosophic groupoid of level five. 


Example 3.3.40: Let 


G= 3 a,x! 


i=0 


a, € N(Z,,), *, (0,8)} 


be a neutrosophic polynomial groupoid of level five. 
Example 3.3.41: Let 


G= {daa 
i=0 


a; € Zh ’ * (0,9)} 


be a neutrosophic polynomial groupoid of level five. 
Example 3.3.42: Let 


G= {daa 
i=0 


a, € QI, *, (25, 0)} 
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be a neutrosophic polynomial groupoid of level five. 


Now we give results about these neutrosophic polynomials 
groupoids. 


THEOREM 3.3.3: The neutrosophic polynomial groupoids of 
level four are commutative groupoids. 


Proof: Follows from the very fact if G is any neutrosophic 
polynomial groupoid of level four then for a(x), b(x) € G. We 
have a(x) * b(x) = ta(x) + tb(x) and b(x) * a(x) = tb(x) + tb(x), 
hence G is commutative groupoid. In case of building groupoids 
using Z,I we can choose t, u € Z,I. 


THEOREM 3.3.4: Let G be a neutrosophic polynomial groupoid 
of the form 
G= {Saw a,€Z,1, paprime, *, (tl, tl); tI < pl} 


i=0 


then G is a neutrosophic polynomial groupoid. 
The reader is expected to prove the theorem. 


THEOREM 3.3.5: Let 


G= Saw sn< 0a; €Z,.*, (tL, tl} 


i=0 


be a neutrosophic polynomial groupoid of level four; then G is 
a neutrosophic polynomial P-groupoid. 


Proof is obvious 


THEOREM 3.3.6: Let 


G= p3 Crs 


i=0 


nso,a,€Z,1; paprime, *, (tl, tl); tl < pl} 


be a neutrosophic polynomial groupoid of level four. G is not a 
neutrosophic polynomial alternative groupoid. 
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Proof is left as an exercise for the reader. 


THEOREM 3.3.7: Let 


G= p3 ax 


i=0 


a, €Z,1; nis nota prime, *, (tl, tl} 


is a neutrosophic alternative polynomial groupoid if and only if 
(tl)? =tl (mod n). 


Proof: Clearly this is proved using the alternative identity. 


THEOREM 3.3.8: Let 


G= »3 a,x’ 


i=0 


a,eZ I, * (0, tl} 


is a neutrosophic polynomial P-groupoid and neutrosophic 
polynomial alternative groupoid if and only if (tI)? =tI (mod n). 


Proof is left as an exercise for the reader. 


Example 3.3.43: Let 


G= p3 a,x! 


i=0 


a EZ,I, *, (4L 5D} 


be a Smarandache polynomial neutrosophic groupoid. 


For 
8 
A= {yam} cG 
i=0 


is a semigroup. 
Also 


a, € {1,31,5]}, *, (41, 5D} cG 


P= [dae 
i=0 


is not Smarandache right ideal of G but P is a Smarandache left 
ideal of G. 
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Example 3.3.44: Let 


G= [dex 
i=0 


a, €Z,I, *, (21, 61)} 


be a polynomial groupoid. Let 


A= 3 ax 


i=0 


a, € {0,21,41,61},*,(21,6)} CG 


be a Smarandache subgroupoid. It is easily verified A is a 
Smarandache normal subgroupoid of G. 


Example 3.3.45: Let 


G= {daa 
i=0 


a, €Z,1, *, (51, 61} 


be a neutrosophic polynomial groupoid. It is easily verified G 1s 
a Smarandache strong Moufang groupoid. 


Example 3.3.46: Let 


G= [daa 
i=0 


a; € Zi ’ * (31, 91)} 


be a neutrosophic polynomial groupoid. G is a Smarandache 
Moufang groupoid. 


Example 3.3.47: Let 


G= [daa 
i=0 


a; € Zl ’ * (31, 41)} 


be a neutrosophic polynomial groupoid. It is easily verified that 
G is a Smarandache strong Bol polynomial neutrosophic 
groupoid. 


Example 3.3.48: Let 


G= {daw 
i=0 


a, €Z,1, 8, (21, 31)} 
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be a neutrosophic polylnomial groupoid. It is easily verified G 
is a Smarandache Bol groupoid and is not a Smarandache strong 
Bol groupoid. 


Example 3.3.49: Let 


12000 
G= a 
i=0 


a. EZ,.1, 8, (41 31} 


be a neutrosophic polynomial groupoid. G is a Smarandache 
strong neutrosophic polynomial P-groupoid. 


Example 3.3.50: Let 


27 ; 
G= 3 ake 


i=0 


a, €Z,I, *, (21, 31} 


be a neutrosophic polynomial groupoid. G is a Smarandache 
strong neutrosophic polynomial P-groupoid. 


Example 3.3.51: Let 


|e {dan 


i=0 


a, € ZI, *, (71, 8D} 


be a neutrosophic polynomial groupoid. P is a Smaradanche 
strong alternative neutrosophic polynomial groupoid. 


Example 3.3.52: Let 


G= 1» a.x' 


i=0 


a, € ZI, *, (I, 3D} 


be a neutrosophic polynomial groupoid. Clearly G is not a 
Smarandache groupoid. 


THEOREM 3.3.9: Let 


G= Daw 
i=0 


a,EeZ,1,*, (tl, ul)} 


be a polynomial neutrosophic groupoid. If t + u =I (mod nl) 
then G is a Smarandache neutrosophic idempotent groupoid. 
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The proof is obvious by using simple number theoretic 
techniques. 


THEOREM 3.3.10: Let 


G= Law 
i=0 


a,EZ,1, * (tL ul)/t+u =I (mod n)} 


be Smarandache neutrosophic polynomial groupoid. G is a 
Smaradache P-groupoid if and only if C1 =tl (mod n) and wv I = 
ul (mod n). 


Proof is left as an exercise for the reader. 


THEOREM 3.3.11: Let 


G= [Sax [a EZ 1, * (tL ul) with tl + ul =I (mod ni)} 


i=0 


be a neutrosophic polynomial groupoid, G is a Smaradache 
strong Moufang groupoid if and only if CI = tl (mod n) and u’l 
= ul (mod n). 


Proof is left as an exercise for the reader. 


Several results of this type can be derived for neutrosophic 
polynomial groupoids built using Z,I. 


3.4 Neutrosophic Matrix Groupoids 


In this section we for the first time introduce a new class of 
neutrosophic matrix groupoids using Z,I or N(Z,) or ZI or N(Z), 
QI or N(Q), RI or N(R) or N(C) or CI. We define some new 
classes and enumerate a few properties about them. Let X = (a;, 
@, ..., An) Where a; € Z,I or N(Z,) or QI or RI or so on. We call 
X a neutrosophic row matrix with entries from Z,I or N(Z,) or 
RI or QI or so on. 
Likewise 
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Ym 


where y; € N(R) or N(Z,) or Z,I or QI or N(Q) or so on is a 
neutrosophic column matrix. 


Now take 
m,; Min 
m m 
= 21 2m |, 
Mig . . p) 
M1 Mim 


mj € N(Z,) or Z,l or N(R) or RI or so on; we call Maxm a 
neutrosophic nxm matrix. If n = m we call Maxm to be a 
neutrosophic nxm square matrix. 


With this convention we now proceed onto define several new 
classes of neutrosophic matrix groupoids. 


DEFINITION 3.4.1: Let G = {(x), ..., Xp)/x; © Zyl, *, (p, q), p and 
q primes} be a neutrosophic row matrix groupoid with the 
operation for *; x = (x1, ..., X,) andy = (y, ..., Vn) EG; 
MEY SS Oy, say a) VV as Vd 
= (px; + qy; (mod nl), ..., PXn + Un (mod nl); 
G is a neutrosophic row matrix groupoid of level one. 


We will illustrate this situation by some examples. 


Example 3.4.1: Let G = {(x1, X2, X3, X4, Xs, X6) | Xi € N (Q), *, 
(7, 13)} be a neutrosophic row matrix groupoid of level one. 


Example 3.4.2: Let G = {(Y1, Yas ¥3» Vas Y5s Yoo ¥7s 8 Yoo Yio) | Yi 
€ Zol, *, (3, 7)} be a neutrosophic row matrix groupoid of level 
one. 
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Example 3.4.3: Let P = {(x, X2, x3) | xi € RI; *, (19, 3)} be a 
neutrosophic row matrix groupoid of level one. 


We see the row matrix neutrosophic groupoid given in examples 
3.4.1 and 3.4.3 are of infinite order where as the groupoid in 
example 3.4.2 is of finite order. 


DEFINITION 3.4.2: Let 
xX) 
X, 


G= |.” || x €ZL, * (p,  p and q are distinct primes}. 


Xx 


m 


G is a column matrix neutrosophic groupoid of level one where 
* for any 


x; J} 
x 
x= |.7 | andy = a 
Xn Age 
in G is defined by 

Xx; yi PX, + Gy, 
xty= *2 3 ¥2 2 i“ qV> 
Xin hee PXin + Wm 


We will illustrate this situation by some simple examples. 


Example 3.4.4: Let 
Xy 
Xo 
G= {| x, || xi e N ), *, (3, 23)} 
X4 
x 


be a column matrix neutrosophic groupoid of level one. 
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Example 3.4.5: Let 


P= 3) %, | lane NG), *(19..29)} 


be a column matrix neutrosophic groupoid of level one. 


Example 3.4.6: Let 
Xo 
R={ | xi € Zyl, * (3, 5)} 


be the column matrix neutrosophic groupoid of level one. 


Example 3.4.7: Let 


T={ % | xi ¢ N(Zs), *, (1, 2)} 


be a neutrosophic column matrix groupoid of level one. 
We see examples 3.4.4 and 3.4.5 groupoids are of infinite order 


where as groupoids in examples 3.4.6 and 3.4.7 are of finite 
order. 
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DEFINITION 3.4.3: Let Min = {(mi) /my € N(Q); 1 Sisn, 1s 
j sm, *, (p, @; p and q are distinct primes} be the n xm matrix 
neutrosophic groupoid of level one. 


We will illustrate this situation by some examples. 


Example 3.4.8: Let 
Ayy Ayn Ay yy 
G= 4] a, Ay Ay, Ang || ay © ZI; 


a3) a3> a3; a34 


1<1<3;1<j <4; *, (13, 43)! be the 3 x 4 neutrosophic matrix 
groupoid of level one. 


Example 3.4.9: Let 
ayy ain 
a>) Ar, 
a3, a5 
P= 4] a4, Ag, || ag € N(Zs), *, (3, 2); 1 S156, 1 <j <2} 
as Asy 
ag) AG 
ayy an 


be a 6 x 2 neutrosophic matrix groupoid of level one. Clearly P 
is a finite groupoid. 


Example 3.4.10: Let 
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a, € N(Q), *, (31, 43), 1 <1 < 20} be the 4x5 neutrosophic 
matrix groupoid of level one of infinite order. 

When n = m in the definition 3.4.3 we get square 
neutrosophic matrix groupoids of level one. 


We will illustrate this situation by some simple examples. 


Example 3.4.11: Let 
a, a, a, 
P=,/a, a, a, ||ai e N(R), *,@G,17)1<1<9} 
a; ag a, 


be the 3 x 3 neutrosophic matrix groupoids of level one. Clearly 
P is an infinite groupoid. 


Example 3.4.12: Let 
b 
M= {( | | a, b, c, d € ZI, *, (231, 53D} 
c 


be the 2 x 2 neutrosophic matrix groupoid of level one of 
infinite order. 


Example 3.4.13: Let 
Ai By AR. ay 
0 a; ag az 
W= | ay E N(Zjol), a (17, 2); 
0 0 a a, 
0 0 0 a, 


1 <1 < 10} be the 4 x 4 square matrix neutrosophic groupoid of 
finite order. 


Example 3.4.14: Let R = {20 x 20 matrices with entries from 


Zyl, *, (31, 111)} be the 20 x 20 neutrosophic matrix groupoid 
of level one of finite order. 
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Now having seen level one groupoid we proceed on to define 
level two neutrosophic matrix groupoids. 


DEFINITION 3.4.4: Let G = {m xn matrices with entries from 
Zl or N(Z,) or OI or N(Q) or ZI or N(Z) or so on, *, (p, q) such 
that (p, gq) = 1; p and q need not necessarily be primes}. G is 
defined to be the mxn neutrosophic matrix groupoid of level 
two. If m = 1 then G is a 1 x n row neutrosophic matrix 
groupoid of level two. If n = I we get a m x 1 column 
neutrosophic matrix groupoid of level two. 

Ifm =n then we get a square neutrosophic matrix groupoid 
of level two. If m #n then G is a rectangular neutrosophic 
matrix groupoid of level two. 


We will illustrate the definition by some examples. 


Example 3.4.15: Let 


G= |x; € ZI, 1 <1 <6, *, (3, 4)} 


be a column neutrosophic matrix groupoid of level two. Clearly 
G is of finite order. 


Example 3.4.16: Let W = {(y1, Y2, y3) | yi € N(R), 1 <1 <3, *, 
(8, 9)} be the row neutrosophic matrix groupoid of level two of 
infinite order. 


Example 3.4.17: Let 


iC 3 
i= | ay b,c, de N(C), *;(12,.25)} 
c d 


be the square neutrosophic matrix groupoid of infinite order. 
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Example 3.4.18: Let 
a, a, a, a, a, a 
M = { 1 2 3 4 5 6 | | a; € N(Z20); 
a 


1 <1< 12, *, (24, 25)} be the rectangular neutrosophic matrix 
groupoid of finite order. 


Now having seen level two groupoids we will just give the 
method by which level three, level four and level five matrix 
groupoids are built. 

In the definition 3.4.4 if we take p, q such that (p, q)=d# 1 
then we call G to be a neutrosophic matrix groupoid of level 
three. If in the definition p = q = t is taken then we define the 
neutrosophic matrix groupoid to be a level four groupoid. 

If instead of (p, q) we take one of p or q to be zero then we 
define those matrix neutrosophic groupoids to be level five 
matrix groupoids. 


We will illustrate this situation by some examples. 
Example 3.4.19: G = {(X1, X2, X3, X4)| xi € N (Z), *, (25, 35)} be 
the row matrix neutrosophic groupoid of level three. Clearly G 


is of infinite order. 


Example 3.4.20: Let 
G= Xy | Xi € N(Zj2), * (8, 6)} 


be the column matrix neutrosophic groupoid of level three of 
finite order. 


154 


Example 3.4.21: Let 
{: 
G = 
c d 


be the square matrix neutrosophic groupoid of level three of 
infinite order. 


a, b,c, d € N(R), *, (27, 45)} 


Example 3.4.22: Let P = {all 10 x 9 neutrosophic matrices with 
entries from Zj;I, *, (9, 6)} be the 10 x 9 neutrosophic matrix 
groupoid of level three of finite order. 


Example 3.4.23: Let 


G=4| *||x;eN(Z), *, (5,5); 1<i<8} 


be a 8 x | neutrosophic column matrix groupoid of level four of 
infinite order. 


Example 3.4.24: Let G = {[x1, X2, X3]| xi € N(Q), 1 <1< 3, *, 
(17, 17)} be a 1 x 3 neutrosophic row matrix groupoid of level 
four. Clearly G is a groupoid of infinite order. 


Example 3.4.25: Let G = {all 12 x 15 neutrosophic matrices 


with entries from Z,, *, (3, 3)} be a rectangular neutrosophic 
matrix groupoid of level four of finite order. 
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Example 3.4.26: Let G = {8 x 8 neutrosophic matrices with 
entries from ZI, *, (19, 19)} be a square neutrosophic matrix 
groupoid of level four of infinite order. 


Now we proceed onto define neutrosophic groupoids of level 
five. 


Example 3.4.27: Let 


G= 5| x; || xi € N(Z,), *, G, 0); 1 <1 < 25} 


X45 


be a neutrosophic column groupoid matrix of level five of finite 
order. 


Example 3.4.28: Let G = {[x, Xo, ..., X7] such that x; € ZI, *, 
(0, 8), 1 <1 < 7} be a neutrosophic row groupoid of level five of 
infinite order. 


Example 3.4.29: Let V = {3 x 3 square matrices with entries 
from N(C), *, (0, 7)} be a square neutrosophic complex 
groupoid of infinite order of level five. 


Example 3.4.30: Let P = {20 x 5 rectangular matrices with 
entries from N(Zg), *, (6, 0)} be a rectangular neutrosophic 
groupoid of level five of finite order. 

Here we wish to state from now on wards we will not state 
to which level the groupoid belongs, it will be known from the 
context and further the properties defined will hold good for all 
levels of groupoids. 


We will illustrate these by suitable examples. 
DEFINITION 3.4.5: Let (G, *, (p, g)) be a matrix neutrosophic 


groupoid. Suppose P c G and if (P, *, (p, q)) is again a 
neutrosophic matrix groupoid then we call (P, *, (p, q)) to be a 
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neutrosophic matrix subgroupoid. If G has no neutrosophic 
matrix subgroupoids then we define G to be a_ simple 
neutrosophic matrix groupoid. 


We will first illustrate this situation by some simple examples. 


Example 3.4.31: Let G = {(X1, X2, X3), *, (3, 5), xi € ZI; 1<1i< 
3} be a neutrosophic row matrix groupoid of level one of finite 
order. 

Choose P = {(x, x, x) | x € ZI, *, B, 5)} cCG, Pisa 
neutrosophic row matrix subgroupoid of G of level one. 


Example 3.4.32: Let G = {set of all 3 x 3 neutrosophic matrices 
with entries from N(Z), *, (7, 8)} be a neutrosophic matrix 
groupoid of level two of infinite order. Choose P = {all 3 x 3 
neutrosophic matrices with entries from 3ZI, *, (7, 8)} CG; P is 
a neutrosophic matrix subgroupoid of level two of infinite order. 


Example 3.4.33: Let G = {all 2 x 9 neutrosophic matrices with 
entries from N(C), *, (9, 13)} be a neutrosophic matrix groupoid 
of level two. 

Take P = {all 2 x 9 neutrosophic matrices with entries from 
N(R); *, (9, 13)} CG; P is a neutrosophic matrix subgroupoid 
of G of infinite order and of level two. 


Example 3.4.34: Let G = {all 7 x 2 neutrosophic matrices with 
entries from RI, *, (2, 15)} be the neutrosophic matrix groupoid 
of level two. Take W = {all 7 x 2 neutrosophic matrices with 
entries from 3ZI, *, (2, 15)} Cc G, W is a neutrosophic matrix 
subgroupoid of G. 


Example 3.4.35: Let G = {all 2 x 5 neutrosophic matrices with 
entries from ZI, *, (3, 15)} be a neutrosophic matrix groupoid of 
level three. Let W = {all 2 x 5 neutrosophic matrices with 
entries from 3ZI, *, (3, 15)} Cc G, W is a neutrosophic matrix 
subgroupoid of G. 
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Example 3.4.36: Let G = {all 1 x 5 row matrices with entries 
from Z3ol, *, (6, 15)} be a neutrosophic row matrix groupoid. 
Take W = {(a, a, a, a, a)| a © Zsol, *, (6, 15)} CG; Wis a 
neutrosophic row matrix subgroupoid of G of level three. 


Example 3.4.37: Let M = {all 10 x 8 neutrosophic matrices 
from QI, *, (17, 34)} be a neutrosophic matrix groupoid of level 
three. Take P = {all 10 x 8 neutrosophic matrices with entries 
from 13Z]I, *, (17, 34)} c M; P is a neutrosophic matrix 
subgroupoid of M of level three. 


Example 3.4.38: Let 


aaa 
G=js/a a a|lae Zl, *, (3, 6)} 
aaa 


be a neutrosophic matrix groupoid of level three; clearly G has 
no proper subgroupoids. Thus G is a simple neutrosophic matrix 
groupoid. 


Example 3.4.39: Let G= {(aaaa) where a € Z,7I, (16, 14), *} 
be a neutrosophic matrix groupoid, clearly G is a simple matrix 


neutrosophic groupoid of level three. 


Example 3.4.40: Let 


where a € ZI, *, (12, 38)} 


Q 
II 
» 2 © © @ 
» 2 © © @ 
» 2 © © & 


be a neutrosophic matrix groupoid of level three. G is not 
simple, G has infinitely many neutrosophic subgroupoids. 
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Example 3.4.41: Let 


|a € QI, *, (9, 48)} 


Q 
II 
s 2 2 © © & w 


be a neutrosophic matrix groupoid of level three. G has 
infinitely many neutrosophic matrix subgroupoids. 


Example 3.4.42: Let 


| ae Za3l, a (24, 40)} 


Q 
II 
s 2 © © © © fw 


be a neutrosophic matrix groupoid of level three. G is a simple 
neutrosophic matrix groupoids. 


Example 3.4.43: Let G = {all 5 x 5 neutrosophic matrices with 
entries from ZI, *, (13, 13)} be a neutrosophic matrix groupoid 
of level four. 

Take W = {all 5 x 5 upper triangular neutrosophic matrices 
with entries from mZI, *, (13, 13)} Cc Gis a neutrosophic matrix 
subgroupoid of G for every m € Z’ \ {1}. 


Example 3.4.44: Let G = [(a, a, a, a) | a © Zsl, *, (3, 3)} bea 


neutrosophic matrix groupoid of level four. G is a simple 
neutrosophic matrix groupoid of level four. 
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Example 3.4.45: Let G = {(a, a, a, a) | a € Zel, *, (4, 4)} bea 
neutrosophic matrix groupoid of level four. Let V = {(a, a, a, a) | 
a € {0, 21, 41}, *, (4, 4)} c G, V is a neutrosophic matrix 
subgroupoid of G. 


aaaa 


Example 3.4.46: Let G = { 
aaaa 


ji ae Zo3, ae (5, 5)} 


be a neutrosophic matrix groupoid G is a simple neutrosophic 
matrix groupoid. 


THEOREM 3.4.1: Let 


@ ea 
Ge a 

Gs, . ||a eZ. paprime, *, (t, t); 0 St <p} 
Gon: 


be any neutrosophic matrix groupoid. G is a_ simple 
neutrosophic matrix groupoid of level four. 


The proof is left as an exercise for the reader. 


THEOREM 3.4.2: Let 


a €Z,I or RI or QI or Cl or ZI, *, (t, 0; OSt<nifa €Z,1 
otherwise t € Z’ \ {1}| be a neutrosophic matrix groupoid. G is 
not a simple neutrosophic matrix groupoid of level four. 


The proof is left as an exercise for the reader. 
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Example 3.4.47: Let G = {all 7 x 7 square matrices with entries 
from ZI, *, (3, 0)} is a neutrosophic matrix groupoid of level 
five. Let P = {All 7 x 7 square matrices with entries from {0, 3], 
61, 91}, *, (3, 0)} CG, P is a neutrosophic matrix subgroupoid 
of level five. 


Example 3.4.48: Let 
a 
b 
G-= : a, b, c,d, e, fe ZL, *, (0, 8)} 
e 
f 


be a neutrosophic matrix groupoid of level five. 
Take 


| a € SZI, *, (0, 8)} CG, 


o 9 2 2 & 


a 


P is a neutrosophic matrix subgroupoid of level five. 


Example 3.4.49: Let G = {(a, a, a, a, a, a, a, a, a), a © Z43 I, *, 
(0, 24)} be a neutrosophic matrix groupoid of level five. G is a 
simple neutrosophic matrix groupoid of level five. 


Example 3.4.50: Let G = {All 8 x 8 neutrosophic matrices with 
entries from N(Q), *, (21, 0)} be a neutrosophic matrix 
groupoid of level 5. 

P = {all 8 x 8 neutrosophic matrices with entries from QI, *, 
(21, 0)} <G is a neutrosophic matrix subgroupoid of G of level 
five. 


161 


Example 3.4.51: Let 


aaa a 
G=s|a aa ajlae ZI, *, (90, 0)} 
aaa a 


be a neutrosophic matrix groupoid of level five. G is a simple 
neutrosophic matrix groupoid. 

In view of this we have the following theorem the proof of 
which is left as an exercise for the reader. 


THEOREM 3.4.3: Let 


aa a 
aoa a 
G= 
aa a 


such that a € Z,I, p a prime, *, (0, ) O st < p} bea 
neutrosophic matrix groupoid of level five. G is a simple 
neutrosophic matrix groupoid of level five. 


This proof is also left as an exercise for the reader. 
Now we give yet another theorem which states as follows. 


THEOREM 3.4.4: Let G = {m xn matrices with entries from Z,l, 
* (t, 0)} (the entries can be from N(Z,,) or ZI or N(z) or N(Q) or 
N(R) or N(C) or QI or RI or Cl). G is not a simple neutrosophic 
matrix groupoid of level five. 


The proof is left as an exercise for the reader. 

As in case of other groupoids we can in case of 
neutrosophic matrix groupoids also define the notion of ideal 
(right and left), normal subgroupoids, normal groupoids, 
Smarandache groupoids, groupoids satisfying special identities. 
However we give some interesting properties satisfied by these 
neutrosophic matrix groupoids and a few examples to 
substantiate them. For more refer [20]. 


162 


THEOREM 3.4.5: Let G = {m xn matrices with all entries from 
Zl, *, (t, u); tand u primes with t + u = 1 or I (mod n)}. Then G 
is a simple neutrosophic matrix groupoid. 


Proof: Let 
aa. a 
aa... a 
P=,|. , . | |ae Zl, *, (t, u), t+ u=1 orl mod n}. 
aa a 


It is easily verified using simple number theoretic techniques. 


COROLLARY 3.4.1: Let G be as in theorem 3.4.5 then G is a 
neutrosophic groupoid which is an idempotent groupoid. 


Example 3.4.52: Let 
aaa 
G= aaa |a € Zyl, we (3, 7)}; 
aaa 


G is an idempotent (neutrosophic matrix) groupoid. 
It is further verified that G has no left or right ideals. 


THEOREM 3.4.6: Let G = fall m xn neutrosophic matrices with 
entries from Zyl, *, (t, 0; 0 St <n} be a neutrosophic matrix 
groupoid. G is a neutrosophic matrix P-groupoid. 


Proof: Let A = (a) and B = (b;;) be in G. To show 
(A * B) *A=A * (B* A). 


Consider 
(A*B)*A = (taj + tbj) * A 
= (ta; + tb; + taj) I 
Consider 
A*(B*A) = (aj) * (toy + taj) 


= (tai; + tb; + t’aj)) Ul 
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I and II are identical hence G is a neutrosophic matrix P- 
groupoid. 


Example 3.4.53: Let 
a b 
G= { [as Dey d- e Acl.*, O;5)} 
Cc 


be a neutrosophic matrix groupoid. Clearly G is a neutrosophic 
matrix P-groupoid. 


Let 
a 
A — 
c d 
and 
mee 
ZoWw 
be in G. 
To show 


(A*B)*A = A*(B*A) 


cae JM 


5a+5x(mod6) 5b+5y(mod 6) \g b 
5c+5z(mod6) 5d+5w(mod6) d 


7co+7z+5c(mod6) 7d+7w-+5d(mod6) 


- I 


z . +7x+5a(mod6) 7b+7y+ = 
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Am x yy), (a B 
Z Ww c d 
, { 2¥+5a(mod6) Sy + 5b(mod 6) 
5z+5c(mod6) Sw+5d(mod6) 


5a+7x+7a(mod6) 5b+7y+7b(mod6) 
5c+7z+7c(mod6) 5d+7w+7d(mod6) 


Xx 

I and II are equal to a Thus G is a neutrosophic matrix 
ZW 

P- groupoid. 


THEOREM 3.4.7: Let G = {m x n neutrosophic matrices with 
entries from Z, I; n not a prime, *, (t, J; 1 <t <n} bea 
neutrosophic matrix groupoid. G is an alternative neutrosophic 
matrix groupoid if and only if f =t (mod n). 


Proof: To prove the theorem it is sufficient if we show for A = 
(aij) and B = (bj) inG 
(A * B) * B=A * (B* B). 


Consider 
(A * B) *B = (tb; + tb;;)*B 
= (taj oF t’b; a tbij) (mod n) 
= (taj ale tbi; + tbi;) I 
Take 
A* (B a B) = (ai)* (tb; oh tbii) 
= (taj I tb; 0 t’b;) 
= (taj =F tbi; ar tbi;) I 


Land II are identical if and only if t? = t(mod n). 
Thus G is a neutrosophic alternative matrix groupoid. 
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Note if n is a prime then t” = t (mod n) is impossible. In view of 
this we can say the neutrosophic matrix groupoid described in 
the above theorem is not an alternative groupoid if n is a prime. 


THEOREM 3.4.8: The neutrosophic matrix groupoid G = {m x p 
matrices with entries from Z,I; *, (0, t) (or (t, 0)); 1 St < n} is 
an alternative neutrosophic matrix groupoid and a neutrosophic 
matrix P-groupoid if and only if f =t (mod n). 


The reader is expected to prove the above theorem. 


Example 3.4.54: Let G = {5 x 8 neutrosophic matrices with 
entries from Z¢l, *, (4, 0)} be a neutrosophic matrix groupoid. G 
is easily verified to be both a neutrosophic matrix P-groupoid as 
well as neutrosophic matrix alternative groupoid. 

We see also G = {m x n, neutrosophic matrices with entries 
from Z¢I with (3, 0)} (or (0, 3) or (0, 4) or (4, 0)) are all both P- 
neutrosophic matrix groupoids as well as neutrosophic matrix 
alternative groupoids. 


Example 3.4.55: Let G = {8 x 9 neutrosophic matrices with 
entries from Zjol, *, (1, 5)} be a neutrosophic matrix groupoid. 
It is easy to verify G is a Smarandache neutrosophic matrix 
groupoid. 


Example 3.4.56: Let G = {all 3 x 4 neutrosophic matrices with 
entries from ZslI, *, (2, 6)} be a neutrosophic matrix groupoid. P 
= {all 3 x 4 neutrosophic matrices with entries from {0, 2I, 41, 
61} c Zsl, *, (2, 6)} C G; P is a Smarandache normal matrix 
groupoid of G. 


Example 3.4.57: Let G = {all 2 x 2 square matrices with entries 
from ZI, *, (3, 3)} be the neutrosophic matrix groupoid. Clearly 


G is Smarandache inner commutative groupoid. 


Example 3.4.58: Let G = {all 1 x 10 neutrosophic matrices with 
entries from Z),I, *, (3, 9)} be a neutrosophic matrix groupoid. 
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It is easily verified that G is a Smarandache Moufang groupoid 
and is not a Smarandache strong Moufang groupoid. 


Example 3.4.59: Let G = {8 x 9 neutrosophic matrices with 
entries from ZI, *, (3, 4)} be a neutrosophic matrix groupoid. 
G is a Smarandache strong neutrosophic Bol groupoid. 


Example 3.4.60: Let G = {all 18 x 1 neutrosophic matrices with 
entries from Z,lI, *, (2, 3)} be a neutrosophic column matrix 
groupoid. 

It is easily verified G is a Smarandache Bol matrix 
neutrosophic groupoid and is not a Smarandache strong Bol 
neutrosophic matrix groupoid. 


Example 3.4.61: Let G = {all 10x6 neutrosophic matrices with 
entries from Z,I, *, (0, 2); n = 2m} G is a Smarandache 
neutrosophic matrix groupoid of level five. 


Several results true in case of general groupoids built using Z, 
can be derived for these neutrosophic matrix groupoids built 
using Z,I. 


3.5 Neutrosophic Interval Groupoids 


In this section we just introduce a new class of groupoids called 
neutrosophic interval groupoids. 
We will give the basic notations. 
o(Z,1) = {[0, ai] | ai € Zn1} 
o(N(Z,,)) = {[0, a + bI] | a, b € Z,} 
0(Q*1)= {[0,a]|ae Q’1,a=0 
is also allowed 
o(N(Q'U {0}}) = {[0, a+ bl] | a,b € QU {0}} 
o(Z'T) = {[0, a]J|ae ZTU {03} 
o{N(Z'T) = {[0,a+bl]|a,be ZU {0} 
o(R'1) = {[0,a]}ae R 1u {03} 
o(N(R*U {0!)) = {[0,a+ bl] ]a,b e RU {033 
o(C’DT) = {[0, a]J|ae C Tu {03} 


and 
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ofN(C*)) = fat+bl/a,beC*u {03} 


are special neutrosophic intervals. We only take positive values 
and always the least value is zero. 


DEFINITION 3.5.1: Let 0(Z,I) be the collection of intervals. 
Define * for any two intervals [0, a], [0, b] in 0(Z,1) as [0, a] * 
[0, b] = [0, ta + pb(mod n)] where t, p € Z,, \ {0} such that t and 
Pp are primes with (t, p) = 1. We see G = {0(Z,, TI), *, (t, p) isa 
interval neutrosophic groupoid of level one. 


We will illustrate this by some examples. 


Example 3.5.1: Let G = {[0, a] | a © ZI, *, (7, 3)} be a 
neutrosophic interval groupoid of level one. 


In the definition 3.5.1 we can replace 0(Z,I) by o(N(Z,)) or 
0(Z'T) or o(N(Z’)) or 0(R'T) or o(N(R’)) or o(N(Q’D) or so on. 
Still we get only neutrosophic interval groupoids. 


We will illustrate all this situation only by some examples. 


Example 3.5.2: Let G = {[0, a] | a € Z'I, *, (19, 17) be the 
neutrosophic interval groupoid of level one. 


Example 3.5.3: Let G = [0, a+ bl] | a,b € Q’U {0}, *, (3, 23)} 
be the neutrosophic interval groupoid of level one. 


Example 3.5.4: Let P = {[0, a+ bI] | a,b e R’U {0}, *, (13, 
11)} be a neutrosophic interval groupoid of level one. 


Example 3.5.5: Let W = {[0, a] | a e C'l, *, (3, 29) be the 
complex neutrosophic interval groupoid of level one. 


Now we just indicate how neutrosophic interval groupoids of 
different levels are defined. 

In the definition 3.5.1 if we take instead of t, u; t and u 
prime, t, u such that (t, u) = 1 but t and u need not be primes 
then we get neutrosophic interval groupoids of level two. 
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We will first illustrate level two neutrosophic interval 
groupoids. 


Example 3.5.6: Let K = {[0, a] | a € Q'L, *, (15, 17)} be the 
neutrosophic interval groupoid of level two. 


Example 3.5.7: Let T = {{0, a+ bl] | a,b © R’u {0}, *, (18, 
25)} be the neutrosophic interval groupoid of level two. 


Example 3.5.8: Let S = {[0, a] | a € Z’'l, *, (27, 40)} be the 
neutrosophic interval groupoid of level two. 


Now if in the definition 3.5.1 we take t, u such that (t, u) =d# 1 
then we define those groupoids to be neutrosophic interval 
groupoids of level three. 


We will illustrate this by some examples. 


Example 3.5.9: Let T = {[0, a] | a © Zyl; *, (6, 14)} be a 
neutrosophic interval groupoid of level three. 


Example 3.5.10: Let M = {[0, a+ bl] | a,b e R’U {0}, *, (24, 
38)} be the neutrosophic interval groupoid of level three. 


Example 3.5.11: Let P = {[0, a] | a € (C'l), *, (25, 45)} be the 
neutrosophic interval groupoid of level three. 


Example 3.5.12: Let B = {[0,a+ bl] | a,b e C’U {02} *, (8, 
18)} be a neutrosophic matrix groupoid of level three. 


If in the definition 3.5.1 we take t = u then we call the interval 
neutrosophic matrix groupoid to be a level four interval 
neutrosophic matrix groupoid. 


We will illustrate this situation by some examples. 


Example 3.5.13: Let T = {[0, a] | a © Zogl, *, (15, 15)} be a 
neutrosophic interval groupoid of level four. 
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Example 3.5.14: Let T = {[0, a+ bl] | a, b e RU {0}, (7, 7)} 
be a neutrosophic interval groupoid of level four. 


Example 3.5.15: Let W = {[0, a] | a e CT; (9, 9)} be the 
neutrosophic interval groupoid of level four. 


Example 3.5.16: Let P = {[0, a + bI] | a, b e C’ U {0}, (20, 
20)} be the neutrosophic interval groupoid of level four. 


Now if in the definition 3.5.1 we take u = 0 or t = 0 then we get 
neutrosophic interval groupoid of level five. 


We will illustrate this by examples. 


Example 3.5.17: Let S = {[0, a] | a © Zol; *, (0, 8)} be the 
neutrosophic interval groupoid of level five. 


Example 3.5.18: Let S = {[0, a + bI]| a, b © N(Z»s), *, (9, 0)} be 
the neutrosophic interval groupoid of level five. 


We will not distinguish between the levels of neutrosophic 
interval groupoids or the neutrosophic sets which are being used 
to build these groupoids as it clear by the structure. 


DEFINITION 3.5.2: Let G = {/0, a] | [0, a] € 0(Z,D), *, (p, q)} be 
a neutrosophic interval groupoid. 

Let P c€ o0(Z,I) such that (P, * (p, q)) is a neutrosophic 
interval groupoid. We call P to be a neutrosophic interval 
subgroupoid of G. 


We will illustrate this by some examples. 
Example 3.5.19: Let G = {[0, a] | a © ZslI, *, (3, 0)} be a 
neutrosophic interval groupoid of finite order. P = {[0, a] | a € 


{0, 21, 41, 61}, *,(3,0)}, G is a neutrosophic interval 
subgroupoid of G. 
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Example 3.5.20: Let T = {[0,a+ bl] |a+bl € N(Q’), *, (3, 8)} 
be a neutrosophic interval groupoid. P = {[0, bI] | bl © Q’T, *, 
(3, 8)} < T; 1s a neutrosophic interval subgroupoid of G. 


Example 3.5.21: Let G = {[0, a + bl] | a, bl e N(Z'D), *, (20, 
0)} be a neutrosophic interval groupoid. Choose M = {[0, a] | a 


€ Zl, *, (20, 0)} CG, M is a neutrosophic interval subgroupoid 
of G. 


Example 3.5.22: Let G = {[0, a] |a ¢ RTU {0}, *, (18, 24)! be 
a neutrosophic interval groupoid. Let V = {[0, a] | a ¢ QT U 


{0}, *, (18, 24)} CG; V is a neutrosophic interval subgroupoid 
of G. 


Now it may so happen G be a neutrosophic interval groupoid, P 
may be a proper subset of G which is just an interval groupoid 
and not a neutrosophic interval groupoid. We call P to be a 
pseudo neutrosophic interval subgroupoid of G. 

If G has no pseudo neutrosophic interval subgroupoids we 
call G to be a pseudo simple neutrosophic interval groupoid. 

We will illustrate this situation by some examples. 


Example 3.5.23: Let G = {[0, a + bl], a, b € N(Zj2), *, (3, 4)} 
be a neutrosophic interval groupoid. Take W = {[0, a] | a € Zi, 
* (3, 4)} c Gis a real interval groupoid; W is called as pseudo 
neutrosophic interval subgroupoid of G. 


Example 3.5.24: Let G = {[0, a]|a e ZT wu {0}, *, (3, 24)} be 
a neutrosophic interval groupoid we see G has neutrosophic 
interval subgroupoids but has no pseudo neutrosophic interval 
subgroupoid. Thus G is a simple pseudo neutrosophic groupoid. 


The following theorem gives a very large class of pseudo simple 
neutrosophic groupoids. 


THEOREM 3.5.1: Let G = {[0, a] | a € Z,l or ZI or O'l or R'I 


or Cl, *, (t, u)} be a neutrosophic interval groupoid. G is a 
pseudo neutrosophic interval groupoid. 
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The proof is left as an exercise to the reader. 


THEOREM 3.5.2: Let G = {/0, a+ bl] /a, b € NO’) or N(Z,) 
or N(R’) or N(Z’) or N(C°), *, (t, u)} be a neutrosophic interval 
groupoid. G has pseudo neutrosophic interval subgroupoids 
that G is not a simple pseudo neutrosophic interval groupoid. 


This proof is also left as an exercise to the reader. 


We call a neutrosophic interval groupoid G to be doubly simple 
neutrosophic interval groupoid if G has no neutrosophic interval 
subgroupoid as well as G has no pseudo neutrosophic interval 
subgroupoid. 


Example 3.5.25: Let G = {[0, a] | a © ZI, *, (3, 4)} be a 
neutrosophic interval groupoid. Clearly G has no neutrosophic 
interval subgroupoids. Further G has no pseudo neutrosophic 
interval subgroupoid. Thus G is a doubly simple neutrosophic 
interval groupoid. 


We will illustrate this situation by a theorem which guarantees 
the existence of a large class of doubly simple neutrosophic 
interval groupoids. 


THEOREM 3.5.3: Let G = {[0, a] | a € Z,I, p a prime, *, (t, u); 0 
<t us p-—TI1} be a neutrosophic interval groupoid G is a 
doubly simple neutrosophic interval groupoid. 


The proof is simple and is left as an exercise to the reader. 

As in case of general groupoids we can in case of 
neutrosophic interval groupoids also define the notion of right 
ideal, left ideal, ideal, normal, subgroupoids, normal 
neutrosophic interval groupoids, Smarandache neutrosophic 
interval groupoids and all concepts like neutrosophic interval 
groupoids satisfying special identities like Moufang, Bol, 
alternative. Idempotent neutrosophic interval groupoids, 
neutrosophic interval P-groupoids and their Smarandache 
analogue and Smarandache strong analogue. 
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We will however give some examples of these concepts and 
a few interesting theorems. 


Example 3.5.26: Let G = {[0, a] | a © Zul, *, (2, 3)} be a 
neutrosophic interval groupoid. 

This groupoid has left ideals given by P = {[0, a] | a € {0, 
21}, *, (2, 3)} ¢ G and T = {[0, a] | a € {I, 31}, *, (2,3)} cG. 
Clearly P and T are not neutrosophic interval right ideals of G. 

However P and T right ideals of G’ = {[0, a] | a € Zul, *, (3, 
2)}. 


In view of this we have the following theorem. 


THEOREM 3.5.4: Let G = {/0, a] | a € Z,I, * (t, u)} and G’ = 
{[0, a] | a € ZI, *, (u, t)} be neutrosophic interval groupoids. P 
is a left neutrosophic interval ideal of G if and only if P is a 
right neutrosophic interval ideal of G. 


The proof is got by simple number theoretic computations and 


the simple translation of rows to columns. The reader is 
expected to prove the same. 


Example 3.5.27: Let G = {[0, a] | a € Ziol, *, (3, 7)} be a 
neutrosophic interval groupoid G has no left or right ideals. 


THEOREM 3.5.5: Let G = {/0, a] | a € Z,I; pa prime, (t, 0; t< 
Dp, *} be a neutrosophic interval groupoid. G is a normal 
groupoid. 


Proof is left as an exercise for the reader. 


THEOREM 3.5.6: Let G = {/0, a] | a € ZI, * (4 Df bea 
neutrosophic interval groupoid. G is a P-groupoid. 


This proof is also left for the reader as a simple number 
theoretic exercise. 
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THEOREM 3.5.7: Let G = {[0, a] | a € ZI, p a prime, *, (t, 0); 
1S t < p} is a neutrosophic groupoid. G is not an alternative 
interval groupoid. 


Proof: We have to prove for any x, y, € G; 
(x *y)*y#x*(y *y). 
Take x = [0, a] and y = [0, b]. Consider 


(x*y)*y = 40, a] * [0, b]) * [0, b] 
[0, ta + tb] * [0, b] 
[0, t°a + t’b + tb (mod p)] I 


Consider 
x*(y*y) = [0,a] * ((0, b] * [0, b]) 
[0, a] * ([0, tb + tb}) 
= [0,at+tb+t’b (mod p)] II 


Clearly I and II are different. Hence G is not an alternative 
neutrosophic interval groupoid. 


THEOREM 3.5.8: Let G = {/0, a] |a € ZL (40; 1<t<nn 
not a prime, *} be a neutrosophic interval groupoid. G is an 
alternative neutrosophic interval groupoid if and only if f = 


t(mod n). 
The proof is left to the reader. 


Now we will illustrate these situations by some simple 
examples. 


Example 3.5.28: Let G = {[0, a] | a © Zyl, *, (11, 11)} be a 
neutrosophic interval groupoid which is alternative. 

Suppose in G we take instead of (11, 11); (10, 10) then G = 
{[0, a] | a © Zoal, *, (10, 10)} is not an alternative groupoid. 


Example 3.5.29: Let G = {[0, a] | a © Zool, *, (5, 5)} be a 


neutrosophic interval groupoid, G is clearly a neutrosophic 
alternative interval groupoid. 
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THEOREM 3.5.9: Let G = {/0, a] | a € Z,l, * (t, 0)} bea 
neutrosophic interval groupoid. G is a P-groupoid and 
alternative interval groupoid if and only if t = t(mod n). 


The proof is left as a simple exercise. 
We will illustrate this by some simple examples. 


Example 3.5.30: Let G = {[0, a] | a © Zao, *, (16, 0)} be a 
neutrosophic interval groupoid G is an alternative interval 
groupoid and G 1s also a neutrosophic interval P-groupoid. 


Example 3.5.31: Let G = {[0, a] | a © Zyo, *, (t, 0)} be an 
interval neutrosophic groupoid. G is not a P-groupoid for any t; 
1<t<29., 


Example 3.5.32: Let G = {[0, a] | a © Ziol, *, (5, 6)} be a 
neutrosophic interval groupoid. G is a Smarandache strong 
neutrosophic interval Moufang groupoid. 


Example 3.5.33: Let G = {[0, a] | a © Zyl, (3, 9), *} be a 
neutrosophic interval groupoid; G is a Smarandache Moufang 
neutrosophic interval groupoid which is not a Smarandache 
strong Moufang neutrosophic interval groupoid. 


Example 3.5.34: Let G = {[0, a], *, (3, 4), a © Zp} be a 
neutrosophic interval groupoid. G is a Smaradache strong Bol 
neutrosophic interval groupoid. 


Example 3.5.35: Let G = {[0, a] | a © Zyl, *, (2, 3)} be a 
neutrosophic interval groupoid. G is a Smaradanche 
neutrosophic interval Bol groupoid but is not a Smarandahce 
strong neutrosophic interval Bol groupoid. 


Example 3.5.36: Let G = {[0, a] | a © Zel, (4, 3), *} be a 


neutrosophic interval groupoid. G is a Smarandache strong 
neutrosophic interval P-groupoid. 
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Example 3.5.37: Let G = {[0, a], *, a © Zyl, (5, 10)} be a 
neutrosophic interval groupoid. G is only a Smarandache 
neutrosophic interval P-groupoid and is not a Smarandache 
strong neutrosophic interval P-groupoid 


Example 3.5.38: Let G = {[0, a] | a © Zyl, *, (97, 8)} be a 
neutrosophic interval groupoid. G is a Smarandache 
neutrosophic strong interval alternative groupoid. 


Several properties enjoyed by interval groupoids can also be 
derived for neutrosophic interval groupoids with appropriate 
modifications. 


When we define homomorphism of neutrosophic interval 
groupoids it is essential that I is mapped only on to I for during 
homomorphisms it is impossible for the indeterminate I to be 
changed to real, this indeterminate must remain as an 
indeterminate only. 


3.6 Neutrosophic Interval Matrix Groupoids 


In this section we will define for the first time the new notion of 
neutrosophic interval matrix groupoids and describe a few of the 
properties associated with them. We will be using only the 
notations given in section 3.5. 


We will first give some essential notations. 

Let (a), a, ..., An) = X be such that a; € o(Z,1) or o(N(Z,)), 
0(Z'T), o(N(Q* U {0}} 0(Z'T), o(N(Z'T)) and 0(R'T) so on. X is 
known as the neutrosophic interval row matrix. 
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where x;’s are neutrosophic intervals from o(Z,I), o(N(Z,)), 
0(Q” I), o(N(Q” U {0})) and so on. Y will in general be known 
as the neutrosophic interval column matrix. 


Let 


be the neutrosophic interval matrix. The entries in M are from 
0(Zal), o(N(Zn)), 0(Q’T) and so on. 

If m =n then we call M to be a neutrosophic interval square 
matrix. 


Now we will define groupoids using these neutrosophic 
interval matrices. We can have five levels of interval matrix 
groupoids we will define them without mentioning the levels for 
from the very context one can easily understand to which level 
the groupoid belongs to. We will now make a formal definition 
and give examples of them. 


DEFINITION 3.6.1: Let G = {(a), a2, ..., A,) | a; = [0, x;] € 0(Z,1} 
or o(N(Z,)), o(Z 1), o(N(Z’ U0) and so on, *, (p, g); % Pp € Zn 
or Z° U{0}} where for X = (aj, ..., ay) and Y = (by, ..., b,) in G. 
X* Y= (0, xi], ..., [0, Xf) * 10, vif,» [0, Val) = ([0, pri + 
gyi}, [0, px2 + Qy2}, .-. [0, PXn + G¥n]) € G. 


It is easily verified G is a groupoid and G is defined as a 
row neutrosophic interval matrix groupoid. 
We will illustrate this by some examples. 


Example 3.6.1: Let G= {([0, ai], [0, a2], ..., [0, ag]) | ai e Zol, *, 
(3, 8)} be a neutrosophic 1 x 8 row interval matrix groupoid 
built using o (ZI). 


Example 3.6.2: Let G = {([0, ai], [0, a2], ..., [0, a2s]) | ai € 


N(Q), * (24, 0)! be a neutrosophic row interval matrix groupoid 
of level five. 
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Example 3.6.3: Let G = {([0, ai], [0, a2], ..., [0, aya]) | ai € 
N(Z’), i= 1, 2, ..., 14; *, (9, 17)} be a neutrosophic row interval 
matrix groupoid of level two. 


Example 3.6.4: Let G = {([0, a;], [0, a2], [0, as]) | aj € N(Q’), 
(5, 19), *} be a neutrosophic row interval matrix groupoid of 
level one. 


Example 3.6.5: Let G = {([0, ai], [0, ao], ..., [0, arao]), *, ai € 
N(R’), (4, 28), *} be a neutrosophic row interval matrix 
groupoid of level three. 


Example 3.6.6: Let G = {({0, a;], [0, az], ..., [0, aag]) | ai © Z'T, 
(3, 3), *} be a neutrosophic row interval matrix groupoid of 
level four. 


Example 3.6.7: Let G = {({0, a;], [0, a2], ..., [0, ais]) | ai © Zosl, 
1 <1< 18, *, (24, 8)} be a neutrosophic row interval matrix 
groupoid. 


DEFINITION 3.6.2: Let 


x; = [0, aj], a; € 0(Z,1) or o(N(Z,)) or o(Z'I) or o(O'D) and so 
on. *, (p,q); p, g €Z, or Z° U{0}} be such that for any 


x yy 
a 

x= and y = 22 
xn Vn 


where x; = [0, a;] and y; = [0, bi]; a, b; € o(Z,1) or o(N(Z,)) or 


SO ON. 
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x y; 0, pa, + qb, 
y> = 0, pa, or qb, 


a Y, 0, pa, + qb, 


It is easily verified G is a neutrosophic column matrix interval 
groupoid. 
We will illustrate this situation by some examples. 


Example 3.6.8: Let 


GE sxe, |g = (0; alvare Zoli li = 55%, (7, 1)} 


be a neutrosophic interval column matrix groupoid of level one. 


Example 3.6.9: Let 


G= 4} x, | |x;=[0, ail; ai ¢ N(Q*, *, (8, 92), 1 <i <7} 


be a neutrosophic interval column matrix groupoid level three. 


Example 3.6.10: Let 
y 
G= 4] y, |lyi € [0, mJ; m; e RT; 1 <i<3, *, 9, 28)} 
¥3 
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be a neutrosophic column interval matrix groupoid of level two. 


Example 3.6.11: Let 


G= | xi = [0, ts t; € N(Z2s); 1 <i < 27; *, (13, 13)} 


X57 


be a neutrosophic column matrix interval groupoid of level four. 


Example 3.6.12: Let 


G = | Xj = [0, nj], ny € Zsl, a (3, 0)} 


be a neutrosophic column interval matrix groupoid of level five. 
Clearly G is a groupoid of finite order. 


Example 3.6.13: Let 


G= ial x;=[0, a] € Z'T, *, (8, 26), 1<i<2} 
»< 


2 


be a neutrosophic column interval matrix groupoid of level 
three. Clearly G is of infinite order. 


DEFINITION 3.6.3: Let G = {M = (mj) | mj = [0, aj]; 1 Si <n, 
I<j <m; a; © N(Q°), *, (t, uj} be such that, for any M = (mj) 
and N = (nj); M * N = ([0, aj), * ([0, by]) Qwhere ny = [0, bi) 
= ([0, tay + ubj]). 
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G is a neutrosophic n x m interval matrix groupoid when n 
= m we call G to be a neutrosophic interval square matrix 
groupoid. 

We will illustrate these situation by some examples. 
Example 3.6.14: Let 
X;  X), 
G= | xi = [0, ai]; a; € Zeil, *, (9, 25)} 
Ky ox 


3 4 


be a neutrosophic interval square matrix groupoid of finite 
order. 


Example 3.6.15: Let 
G= > aoe * ye ahaeZ 40,10) 
Ve Yo. Ya “Ys 


be a neutrosophic interval rectangular matrix groupoid. 


Example 3.6.16: Let 
¥, Yo Y3 
G= 1)" %5 * |iy,=[0, mJ me N(R’), *, (0, 7)} 
Y, Ys Yo 
Yio Sia ia 


be a neutrosophic interval groupoid of level five. 


Example 3.6.17: Let 


G = a, ae ay | aj = [0, mi], mj € N(Q’), aie (14, 26)} 
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be a neutrosophic interval matrix groupoid of level three. 


Example 3.6.18: Let 


a, a, a; a, 
de Ge Be A 
5 6 7 8 
G= 
ay 19 ayy 12 
a)3 ai4 ais Ai 6 


ai = [0, di]; di e RI; 1 <i < 16, *, (0, 26) be a neutrosophic 
interval matrix groupoid of infinite order. 


Example 3.6.19: Let 


a; ay 
a, ay 

G= : . | ai = [0, ni]; nj € Zal, (2, 2), a 
Ayg Aso 


be a neutrosophic interval matrix groupoid of finite order. 


Now having defined neutrosophic interval matrix groupoids we 
now proceed onto define substructures in them and then 
illustrate it by examples. 


DEFINITION 3.6.4: Let G = {M = (m,) | my = [0, aj]; ay € 
N(Z*) or N(Z,,) or Z,l or N(R*) and so on 1 Si Sm; 1Sj St, *, 
(p, ds be a neutrosophic interval matrix groupoid. Let P CG; 
P is proper subset of G such that P itself is a neutrosophic 
interval matrix groupoid. We define P to be a neutrosophic 
interval matrix subgroupoid of G. 


We will illustrate this by some simple examples. 


Example 3.6.20: Let 


a, a, 
G=,/a,; a, ||ai=[0, mi]; mj € Zol; 1 <1< 6, *, (3, 6)} 
as 4, 
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be a neutrosophic interval matrix groupoid of level three. 
Take 


aa 
aoa |a=[0, m], b = [0, n]; m,n € Zol; *, (3, 6)} CG. 
b b 


P is a neutrosophic interval matrix subgroupoid of G of level 
three. 


Example 3.6.21: Let G = {all 9 x 9 interval neutrosophic 
matrices with entries from 0(Z’'1), *, (11, 11)} be a neutrosophic 
matrix interval groupoid of level four. 

Take W = {all 9 x 9 upper triangular interval neutrosophic 
matrices, with entries from 0(Z'T), *, (11, 11)} ¢ G; T is a 
neutrosophic matrix interval subgroupoid of G of level four. 


Example 3.6.22: Let 
a, a, 
G-= a, a4 
Aig An 


a, = [0, nj], nj e N(R® U {03})); 1 < i < 20; *, (0, 16)} be a 
neutrosophic matrix interval groupoid of level five. 
Take 


a, ay 
a a 
2 2 
p= 
Ain Ang 


a, = [0, m;]; mj ¢ N(R“ U {03)), 1 <i< 10, *, (0, 16)} CG. Pis 
a neutrosophic matrix interval subgroupoid of G of level five. 

We can define as in case of other groupoids the notion of 
ideals, left ideal, right ideal, normal groupoid, normal 
subgroupoid, Smarandache groupoids, groupoids satisfying 
special identities and so on. 
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We will give some examples, a few important properties 
about these structures. 


Example 3.6.23: Let 


a, a 
| "| |ai=10,mhime Za, 1si<4,*,@,3) 
a, a, 
be a neutrosophic interval matrix groupoid. 

Take 


P= {i | | a; = [0, mj; m; € {0, 21}, *, (2, 3)} CG, 


3 ay 
T is also a neutrosophic interval matrix left ideal of G. 


THEOREM 3.6.1: Let G = {m x p neutrosophic interval matrices 
from o(Z,D, * (4 uw} be a neutrosophic matrix interval 
groupoid. G is an idempotent neutrosophic interval matrix 
groupoid or neutrosophic interval matrix idempotent groupoid 
if and only if t + u =1(mod n). 


Proof: Let M = (mjj) € G with mij = [0, aij], aij € Lil Lsi1< m, 
1<j<p.Toshow M* M=M. 
Consider 

M*M = (mj) * (mj) 

= [0, aij] *, [0, aij] 

[0, taj; + uaj (mod n)] 
[0, aj (t+ u) (mod n)] 
= [0, aj] 
= M 


if and only if t+ u=1 (mod n). Hence the claim. 


THEOREM 3.6.2: Let G = {all m x p neutrosophic interval 
matrices with entries from 0(Z,1), *, (t, u)f and G’= fall m x p 
neutrosophic interval matrices with entries from o(Z,l), *, (u, t)} 
be two neutrosophic interval matrix groupoids. P is a left ideal 
of G if and only if P is a right ideal of G. 
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Proof: Simple number theoretic computations will yield the 
result. 


The reader is expected to prove. 


Example 3.6.24: Let G = {set of all 3 x 1 column interval 
neutrosophic matrices with entries from o(Zjol), *, (3, 7)} be a 
neutrosophic column interval matrix groupoid. G has no left or 
right ideals. 


THEOREM 3.6.3: Let G = {collection of all 1 x m neutrosophic 
interval row matrices with entries from o(Z,1); *, (t, u)} be a 
neutrosophic interval row matrix groupoid. If n = t + u; where t 
and u are primes then G has no left or right ideals. 


The reader can prove this theorem using some simple number 
theoretic techniques. 


COROLLARY 3.6.1: Jf in the above theorem n = p, p a prime 
and if (t, u) = 1 with t + u = p then also G has no left or right 
ideals. 


Example 3.6.25: Let 
aaa 
G= | ae o(Zsl), * (2, 2)} 
aaa 


be a neutrosophic matrix interval groupoid. G has no 
subgroupoids. 


Example 3.6.26: Let 


a € 0(Z7I), *, (3, 3)} 


o oo 29 29 2 ®& 
oso 2 9 82 2 & 
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be a neutrosophic interval matrix groupoid. G has no 
subgroupoids. 


Example 3.6.27: Let 


aoa 
Gs | a € 0 (Zol), *, (2, 2)} 
aoa 

be a neutrosophic interval matrix groupoid. G has subgroupoid 

aoa 

P= { | a € 0(0, 21, 41), *, (2, 2)} CG 

aoa 

is a neutrosophic interval matrix subgroupoid of G. 


THEOREM 3.6.4: Let 
aa 
G= \\e € 0(Z,1); p a prime, *, (t, 0), t< p} 
aa 


be the neutrosophic interval matrix groupoid of level four. G is 
anormal groupoid. 


The proof is left as an exercise for the reader. 


THEOREM 3.6.5: Let 


aaa 
G=s|a a a}||aeo(Z,); * (4 t} 
aaa 


be a neutrosophic interval matrix groupoid of level four. G is a 
P-groupoid. 


The reader is requested to supply the proof. 
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THEOREM 3.6.6: Let 
aa 


a €0 (Zyl), *, (t, 0), 1<t<n} 


gS & & & 
gS & & & 
Ss & & & & 
Ss & & & & 


be a neutrosophic interval matrix groupoid. If n is a prime then 
G is not an alternative groupoid. 


Proof: We see for any X = (a) and Y = (b) in G we have to 
show that 
Ory) * YY eoCty *Y). 


Consider 
(X*Y)*Y = (tat+tb)*Y 
= (t2a+ t2b + tb) (mod n)) I 
Consider 
X*(Y*Y) = X*(tb+tb) 
= ((tb + t’a + t’b) (mod n)) II 


I = IL if and only if t” = t (mod n) this is possible if and only ifn 
is not a prime number. 


THEOREM 3.6.7: Let 


aaaa 
aaaa 

G= | a €0(Z,)), *, (0, 0; 
aaaa 
aaaa 


be a neutrosophic matrix interval groupoid. G is a P-groupoid 
and an alternative groupoid if and only if ¢ =t(mod n). 


Proof is simple and hence is left as an exercise for the reader. 
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Example 3.6.28: Let G = {(a, a, a, a, a, a, a, a) | a © O(Zyol), *, 
(91, 5)} be a neutrosophic matrix interval groupoid. G is a 
Smarandache neutrosophic matrix interval groupoid. 


Example 3.6.29: Let 


G= {; | aco (Zol), . (4, 5)} 


a 
a 
be a neutrosophic matrix interval groupoid. 


aa 
P= { | ae {[0, 0], [0, 21], [0, 4I]}, *, (4, 5)} 
aa 
is a neutrosophic interval matrix subgroupoid of G but is not a 
Smarandache subgroupoid of G. 


Example 3.6.30: Let 


G= a € 0 (Zol), *, (4, 5)} be 


o 2 2 ®& 


a neutrosophic matrix interval groupoid. 


o 2S ®& 


/ae {[0, 0], [0, I], [0, 31], [0, SI]}, *, (4, 5)} CG 


a 


is a Smarandache left ideal of G which is clearly not a 
Smarandache right ideal of G. 


Example 3.6.31: Let 


aa 
G=j|a a|/ae {[00], [0 21], [0, 41]}, *, (2, 4)} 
aa 
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is an ideal which is not a Smarandache ideal or even a 
Smarandache groupoid of G. 


Example 3.6.32: Let 
aaa 
aaa 
G= /a € 0 (Zsl), *, (2, 6)} 
aaa 
aaa 


be the neutrosophic matrix interval groupoid. 


Let 
aaa 
aaa 
A= |a e {0, [0, 21], [0, 41], [0, 6I]}, *, (2, 6)} CG; 
aaa 
aaa 


A is clearly a Smarandache neutrosophic matrix interval normal 
groupoid of G. 


Example 3.6.33: Let G = {(a, a, a, ..., a)| a © O(Zjol), *, (5, 6)} 
be a 1 x 26 neutrosophic row matrix interval groupoid. G is a 
Smarandache strong Moufang groupoid. 


Example 3.6.34: Let 


aaaaaa 
G=s|/a aaa a aljlae o(Zjl); *, (3, 9)} 
aaaaaa 


be a neutrosophic matrix interval groupoid. G is only 
Smarandache Moufang groupoid but is not a Smarandache 
strong Moufang groupoid. 
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Example 3.6.35: Let 


aaa 
aaa 
aaa 
aaa 
G=js\/a a a||aeo(Z,lJ), *, (3, 4)} 
aaa 
aaa 
aaa 
aaa 


be a neutrosophic matrix interval groupoid. G is a Smarandache 
strong Bol groupoid. 


Example 3.6.36: Let 
aaa 
aaa 
aaa 
aaa 
aaa 

Gar * Fl cod, *, (4,33 
aaa 
aaa 
aaa 
aaa 
aaa 
aaa 


be a neutrosophic matrix interval groupoid. G is a Smarandache 
strong P-groupoid. 
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Example 3.6.37: Let 


| ae o(Z,1), “ (2, 3)} 


o 2 2S ®& 
o 2 2S ® 
o 2 2S ®& 
o 2 2 ®& 


be a neutrosophic matrix interval groupoid. G is only a 
Smarandache Bol groupoid but G is not a Smarandache strong 
Bol groupoid. 


Example 3.6.38: Let 


aaaaa 
o={| lis< oan, * (2, 3)} 


aaaaa 


be a neutrosophic matrix interval groupoid. G is a Smarandache 
strong P-groupoid. 


Example 3.6.39: Let 
aaaa 
aaaa 
aaaa 
G= a € 0 (Z¢I), *, (3, 5)} 
aaaa 
aaaqa 
aaaa 


be a neutrosophic matrix interval groupoid. Clearly G is only a 
Smarandache strong P-groupoid. 


Example 3.6.40: Let 
aaa 
G=,|a a a||ae o(Z,)JI), *, (5, 10)} 
aaa 
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be a neutrosophic matrix interval groupoid. G is a Smarandache 
P-groupoid and 1s not a Smarandache strong P-groupoid. 


Example 3.6.41: Let 


a € 0 (ZyaI), *, (7, 8)} 


io) 

II 
s 2 © & fw 
2 2» © © fw 


be a neutrosophic matrix interval groupoid. G is a Smarandache, 
strong alternative groupoid. 


Example 3.6.42: Let 
aaaaqa 


G=,/a a aa a|lae 0o(Z,)I), *, (1, 6)} 


aaaaa 


be a neutrosophic matrix interval groupoid. G is only a 
Smarandache strong alternative groupoid. 


Example 3.6.43: Let 
aoa 
G= {| | a € O(Zol), *, (4, 4)} 
aoa 
be a neutrosophic matrix interval groupoid. Clearly G is not a 
Smarandache groupoid. 


THEOREM 3.6.8: Let 


aaa 
G=si\a a a|/aeo(Z,I), *, (0, 2) andn = 2m} 
aaa 
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be a neutrosophic interval matrix groupoid. Clearly G is a 
Smarandache groupoid. 


Several other results not mentioned in this section but satisfied 
by general groupoids are true in case of Smarandache 
neutrosophic interval matrix groupoids with appropriate 
modifications. 


3.7 Neutrosophic Interval Polynomial Groupoids 


In this section we will be defining and discussing about 
neutrosophic interval polynomial groupoids or neutrosophic 
polynomial interval coefficients groupoids. 

The notions given in section 3.5 will be used in this 
section. Here also we can define five levels of neutrosophic 
interval polynomial groupoids using 0(Z,1), o(N(Zn)), o(Z'T), 
o(N(Z’)), 0(Q’T), o(N(Q’)) and so on. 

From the context one can easily understand to which level 
the neutrosophic interval groupoid belongs to. 


DEFINITION 3.7.1: Let 
G= {[Eroas /a; © Zyl, *. (p, q). P, Yd € Zn} 
i=0 


where * for any two interval neutrosophic polynomials. 


x= > [0,a,] x! 
i=0 
and 
Y= Obs 
i=0 
is defined as follows. 
xty = [Sr * [S003 
i=0 i=0 
= > ([0,a,]* [0,b, Dx! 
i=0 
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= SY 0.pa,+qbGnodn)}x. 


i=0 


G is easily verified to be a groupoid which we call as the 
neutrosophic polynomial interval groupoid. 

If p and q are two distinct primes we call G to be a level one 
groupoid. 

If p and q are distinct such that (p, q) = 1 we call the 
groupoid G to be a level two groupoid. If p and q are such that 
(p, 9 =d #1 we call G to be a level five groupoid. 

In definition 3.7.1 we can take instead of Z,I. N(Z,) or ZT 
or N(Z’) or N(R‘) or N(Q’) or Q*’ Tor so on. 


We will give some illustrations before we proceed on to prove 
some results. 


Example 3.7.1: Let 


G= {Soa }a,e QTY {0}, *, (13, 41)} 


i=0 
be a neutrosophic polynomial interval groupoid of level one. 


Example 3.7.2: Let 


V= {So | a; e N(R*U {03), *, (12, 25)} 


i=0 
be a neutrosophic interval polynomial groupoid of level two. 


Example 3.7.3: Let 
150 
Vv 7 {S03 | aie Zool, *, (15, 10)} 


i=0 


be a neutrosophic polynomial interval groupoid of level three. 
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Example 3.7.4: Let 


W= {Slo Jae CTU {0}, *, 3,3) 


i=0 
be a neutrosophic polynomial interval groupoid of level four. 


Example 3.7.5: Let 


P= {Soa |aie ZTU {0}, *, (0, 22)} 


i=0 
be a neutrosophic polynomial interval groupoid of level five. 
Now we have seen different levels of neutrosophic polynomial 
interval groupoids. Now we will define the notion of 


subgroupoids. 


DEFINITION 3.7.2: Let 


G= {Sloat /a; €Z,] or ZI or so on, *, (p, q)} 
i=0 


be a neutrosophic polynomial interval groupoid. 

Suppose P © G be a proper subset of G if P under the 
operations of G is a neutrosophic polynomial interval groupoid, 
then we define P to be a neutrosophic polynomial interval 
subgroupoid of G. 

We will illustrate this situation by some examples. 


Example 3.7.6: Let 
G= {Sloan | a; © Zaol, *, (23, 17)} 


i=0 


be a neutrosophic polynomial interval groupoid of level one. 
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Take 


5 
P= Y [0,a,]x' | aj € Zaol, *, (23, 17)} CG 


i=0 
is a neutrosophic polynomial interval subgroupoid of G. 


Suppose 
S= [0,a, ]x' | 
i=0 


a, € {0, 21, 41, 61, 81, 101, UW, ..., 361, 381}, *, (23, 17)} cG,S 
is also a neutrosophic polynomial interval subgroupoid of G. 
We see P is a finite order where as S is of infinite order. 


Example 3.7.7: Let 


G= {So lai € QTL {0}, *, (24, 35)} 


i=0 
be a neutrosophic polynomial interval groupoid of level two. 


Take 


i=0 


25 
W= {Soa lap e ZTU {0}, *, (24, 35)} cG 


is a neutrosophic polynomial interval subgroupoid of G of level 
two. 
Consider 


P= {Soa |a, € 4Z'T U {0}, *, (24, 35)} CG, 


i=0 


P is also a neutrosophic polynomial interval subgroupoid of G. 
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Example 3.7.8: Let 


G= {Soa la; e N(R*U {0}), *, (38, 90)} 


i=0 


be a neutrosophic polynomial interval groupoid. 
Take 


25 
P= {Son |a,e 15;Z TU {0}, *, (38, 90)} CG 


i=0 


is a neutrosophic polynomial interval subgroupoid of G of level 
three. 


Example 3.7.9: Let 


G= {Son }a,e ZTU {0}, *, (10, 10)} 


i=0 
be a neutrosophic polynomial interval groupoid of G of level 


four. 
Consider 


W= {Sou la; € 20Z TU {0}, *, (10, 10)! CG 


i=0 


is a neutrosophic polynomial interval subgroupoid of G of level 
four. 


Example 3.7.10: Let 
G= {Soa | ae N(C’) U {0}, es, (26, 0)} 


i=0 


be a neutrosophic polynomial interval groupoid of level five. 
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P= [0,a, ]x'| aj ¢e CTU {0}, *, (26, 0)} CG 
i=0 


is a neutrosophic polynomial interval subgroupoid of G. 


We can as in case of other groupoids define the notion of 
left ideal, right ideal, ideal, normal groupoid, normal 
subgroupoid, Smarandache groupoids and Smarandache 
groupoids satisfying special identities. 
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Chapter Four 


APPLICATION OF THESE 
NEW CLASSES OF GROUPOIDS AND 
NEUTROSOPHIC GROUPOIDS 


In this chapter we give some of the application of these new 
classes of groupoids. In the first place these polynomial 
groupoids can be used in theory of cryptography as the 
operations used by the user cannot be easily understood by the 
intruder so the information cannot be broken unless he has a 
good knowledge of groupoids and their properties. 

Secondly these matrix groupoids can serve as storage 
systems in a special way when the information stored is a 
confidential one. 

One of the nice applications would be using interval 
groupoids in the construction of semiautomaton and 
Smarandache automaton. Interested reader can unravel the 
probable applications of matrix interval groupoids and 
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neutrosophic matrix interval groupoids when the field of study 
demands a non-associate structure with closure operations and 
interval solutions. 

Smarandache groupoids can be used in computing or 
information science. 

Smarandache groupoids can be used in biology to describe 
certain aspects in the crossing of organisms in genetics and in 
considerations of metabolisms. 
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Chapter Five 


SUGGESTED PROBLEMS 


Here we suggest over 200 problems. Solving these will enable 
the reader to understand the concepts described in this book. 


Find subgroupoids of {Z”, *, (7, 9). 
Find subgroupoids of {Q”, *, (3/7, 2/11)}. 


Let P,. = {all 2 x 2 matrices with entries from Z” U {0}}; 
define * on P32 by A * B=5A + 7B for all A, B € Poy. P= £{ 
Po,0, *, (5, 7)} is a matrix groupoid. 

Is P anormal matrix groupoid? 

Can P have normal matrix subgroupoids? 

Find atleast three matrix subgroupoids of P. 

Is P a Bol matrix groupoid? 

Can P be an alternative matrix groupoid? 


2-20 So 
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Justify your answers. 

Let S = {Collection of all 2 x 4 matrices with entries from Q* 
U {0}, *, (7, 3)} be a 2 x 4 matrix groupoid. 

a. Find atleast 3 subgroupoids. 

b. Can S have normal matrix subgroupiods? 

c. Is Sasimple matrix groupoid? 

d. Is S acommutative matrix groupoid? 


Let T = {all 1 x 5 row matrices with entries from Zp, *, (3, 
5)}. That is for A, B € T; A * B=3A + 5B, ‘+’ mod 12 be 
the matrix groupoid. 

a. How many elements are in T? 

b. Find subgroupoids in T. 

c. Is T anormal matrix groupoid? 

d. Can T be a Bol groupoid? 

e. Is T a Moufang groupoid? 

Please justify your answers. 


Let P = {7 x 1 matrices of the form 


a, |ja, €Z,,*,(3,2), 1<i<7} 


1 J? 9 


be a 7 x 1 column matrix groupoid. 

a. Does P have subgroupoids? 

b. Can P have normal subgroupoids? 

c. Is Pa S-groupoid? 

d. Is Pa left alternative groupoid? Justify your claim. 
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ts 


10. 


11. 


12. 


13. 


a, a, a, 
LetW=4]|a, a, 4, lla, €Z,,;1 <1< 9, *, (5, 6)} be a3 x 
a; Ag ay 
3 matrix groupoid. Find subgroupoids of W. What is the 
cardinality of W? 


oz 


Find the number of elements in R. Is R simple? Justify your 
claim. 


aéZ,,;* (7, 5)} be a2 x 2 matrix groupoid. 


aaaa 
O aaa ; 
Let T= aéZ,,;*, (2, 19)} be a4 x 4 matrix 
0 0 aa 
00 0 a 
groupoid. 
a. Find the cardinality of T. 
b. Is T simple? 
c. Can T have normal subgroupoids? 
d. Is T anormal groupoid? 
e. Can T be a Bol groupoid? 
f. Is Ta Moufang groupoid? 
g. Can T be an alternative groupoid? Justify your claim. 


Obtain some interesting results about matrix groupoids built 
using Q” U {0} using (p, q) = (3, 5). 


Can the matrix groupoid P = {As,3 = (aj); 1 <1<5, 1 <j <3; 
a; € R" U {0}, (23, 41)} be Moufang? Justify your claim. 


Can P in problem (11) be an alternative groupoid? 
Substantiate your answer. 


Obtain some interesting properties about the matrix groupoids 
constructed using C” U {0}. 
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14. 


15. 


16. 


Ly, 


18. 


19. 


20. 


ZI. 


Give an example of a matrix groupoid which is simple. 
Give an example of a matrix groupoid which is normal. 


Obtain conditions for a matrix groupoid to be a Smarandache 
matrix groupoid. 


Give an example of a matrix groupoid which is not a S-matrix 
groupoid. 


Does there exist a Bol matrix groupoid constructed using Z” 
U {0}? 


Can there be a matrix groupoid which is Moufang constructed 
using Q” U {0}? 


Can any matrix groupoid constructed using R* U {0} be right 
or left alternative? Justify your claim. 


Find subgroupoids of — the matrix groupoid 


a 
G= where aj € Zj9; 1 <1< 12, *, (3, 7)}. 
a, ag ay 


a a 


10 11 12 


a. Is Ga Bol matrix groupoid? 
b. Can G be right alternative? 
c. Does G have normal subgroupoids? 
aaa 
a 
d. Can H = aéZ,,, *, (3, 7)} c G be normal? 
aaa 
aaa 


Justify your claims. 
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a2, 


23. 


24. 


a, O b, O 
0 25-08 Py 
O:~ 30" ages Dy 
Let H = ab, €Z,,,1 <1 < 6; *, (8, 9)} 
a, 0 O b, 
a, b, O O 
0 a b O 


lon 


be a matrix groupoid. 

a. Find atleast 2 proper subgroupoids of H. 

b. What is the cardinality of H? 

c. Can H satisfy any one of the special identities? 


ay a, a3 
Let P= 5|0 a, a, |]a,€Z,,,; 1 <i < 6, (2, 3)} bea 
0 0 a 


matrix groupoid find; 

Atleast 2 subgroupoids of P. 

Is P simple? 

Can P be a S-groupoid? 

Is P a P-groupoid? 

Can P be a strong Bol groupoid? 

Can P be a strong Moufang groupoid? Justify your claim. 
Replace (2, 3) by (20, 30) and answer all the six problems 


(a) to (f). 


Let V = {(a, a, ..., ao)| a1 © Zo43 1 <1 < 9; (16, 9)} be a 
matrix groupoid. 

a. Is V a P-groupoid? 

b. Is V an idempotent groupoid? 

c. Does V contain normal subgroupoids? 

d. Is V an alternative groupoid? Justify your claim. 

If W = {(a;, ...., a9)| a € Zo4gs 1 <1 < 9, (9, 16)} be a matrix 
groupoid. Is V isomorphic with W? Is |V| = |W|? Justify all 
your claims. 


monosep 
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25. 


26. 


2 


28. 


29. 


Prove G = {(x1, ..., X20)| Xi € Z203 1 <1 < 20; *, (16, 5)} is a S- 
idempotent matrix groupoid. Is G a Smarandache P-groupoid? 
Justify your claim. 


a; a, 
a, a, 
Prove T = 4/a; a, |/a,¢Z,.; 1 <i < 10, *, (4, 9)} is a 
a, ag 
ay a9 


matrix S-P-groupoid. 


a; a, 4, 


. ay 
Consider T = 
a, ag ay 


a, €Z,,* (3, 2)} be a matrix 


aT ay ay, 


groupoid. How many groupoids are in the class of 4 x 3 

matrix groupoids C(Zs, (4 x 3)) constructed using Z;? 

a. How many in that class are S-matrix P-groupoids? 

b. Can this class of groupoids contain matrix S-strong Bol 
groupoids? Justify your claim. 


Prove the 1 x 12 row matrix groupoid V = { {(a;, ao, ..., 412) | 

a, € ZU {03}, *, (11, 15)} is of infinite order. 

a. Is V aS-matrix groupoid? 

b. Find two subgroupoids of V. 

c. Can V have normal subgroupoids? Justify your claim. 

d. Is the groupoid W = {(a,a,...,a)/a eZ’ U {0}, *, (11, 
15)} normal in V? Substantiate your claim. 


Suppose in problem (28) set Z* U {0} is replaced by Zs; so 
that V is of finite order, can V be normal? Does atleast V 
contain normal subgroupoids? What are the identities satisfied 
by V? Is V an alternative groupoid? Is V an idempotent 
groupoid? Justify your claim. 
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30. 


a1, 


32: 


See 


34. 


33. 


36. 


37. 


38. 


Let T = {Z55°, *, (1, 11)! be a3 x 8 matrix groupoid built 
using Z. Is T a S-groupoid? Justify your answer. 


Let W = {Z7", *, (1, 23)} be a 7 x 2 matrix groupoid built 
using Z46. 

a. Is WaS-idempotent matrix groupoid? Prove your claim. 
b. Can W bea S-strong Bol matrix groupoid? Justify. 

c. Prove W is to a S-P-matrix groupoid. 


Let M = {Z3°, *, (p, q), p» q, € Zos} be a 9 x 3 matrix 
groupoid. 
a. Does there exists for a suitable p, q € Zs, so that M is a; 

i. S-P-matrix groupoid. 

ii. S-idempotent matrix groupoid. 

il. S-alternative matrix groupoid. 

iv. S-strong Bol matrix groupoid. 


Let G = {C’, *, 10 x 8, (9, 19)} be the set of all 10x8 complex 
matrix groupoid. Obtain some interesting properties about G. 


10 
bee P= {San ai € Zi, *, (3, 11)} be a polynomial 
i=0 


groupoid built using Z,7. Find subgroupoids of P. Is P a S- 
groupoid? Prove or disprove! 


Obtain some interesting properties about polynomial 
groupoids built using Z, or Q* U {0} or R® U {0} or ZU 
{0}. 


Give an example of a simple polynomial groupoid built using 
Dx 


Obtain some interesting properties about polynomial S- 
groupoids. 


Give an example of a S-strong Bol polynomial groupoid. 
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ey 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


Does their exist a S-strong Moufang polynomial groupoid 
built using Z” U {0}? Justify your claim! 


Construct an example of a polynomial groupoid which is not a 
S-polynomial groupoid. 


Obtain a necessary and sufficient condition for a S- 
polynomial groupoid to be a S-alternative polynomial 
groupoid built using Z,. 


Can an alternative polynomial groupoid G = > a,.x' | ae 
i=0 


ZU {0}, *, p, q € Z (p, q)} be built? Justify your claim. 
Find atleast 3 polynomial subgroupoids of G. 


24 

When is T = {Sax | ai € Zog, *, (p,q), Pp,  € Zr8}; 

i=0 

a. S-strong polynomial Bol groupoid (obtain condition on p 
and q)? 

b. S-strong alternative polynomial groupoid? 

c. S-strong P-groupoid? 

d. S-groupoid? 

e. S-idempotent groupoid? 

Obtain conditions on p and q. 


15 
Can V = {Sax | aj € Zi; sF (p, q), p,q © Zi9} ever bea 
i=0 


a. S-idempotent groupoid? 

. S-P-groupoid? 

c. S-alternative groupoid (Here V is a_ polynomial 
groupoid)? 


Obtain some interesting results about polynomial groupoids 
built using Z,, n not a prime. 


Prove there exist infinite number of polynomial groupoids 
built using Z,. 
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47. 


48. 


49. 


50. 


51. 


a2, 


D3. 


54. 


29 
Can the polynomial groupoid J = {Sax | a; € Zo4; *, (20, 
i=0 
3)} have identity element? Justify your claim. 
a. Is JaS-groupoid? 
b. Is J a S-strong Bol polynomial groupoid? Justify your 
claim. 


10 
Lee P= {Sax | a € Zp, *, (3, 9)} be a polynomial 
i=0 
groupoid built using Zp. 

Find subgroupoids of P. 

Can P have a subgroupoid of order 4? 

What is the cardinality of P? 

Is P a S-groupoid? 

. Does P have normal subgroupoids? 

Justify your answers. 


one sp 


Can any polynomial groupoid built using R” U {0} be 
normal? 


Obtain conditions for two polynomial subgroupoids built 
using Z45 to be S-semi conjugate subgroupoids. 


5 . 
Can G = pa a,x'| ai € Ze, *, (2, 8)} the polynomial groupoid 
i=0 


have S-semi conjugate subgroupoids? 


Define the notion of S-conjugate subgroupoids of a 
polynomial groupoid G built using Z* U {0} or Z, or R® U 
{0} orQ’ U {0}. 


Give examples of S-conjugate subgroupoids built using Z144. 


20 
Let T {Sax | a; € Zy2, *, (1, 3)} be a polynomial groupoid 
i=0 


built using Zj. Can T have S-conjugate polynomial 
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SO: 


56. 


D7. 


58. 


59. 


60. 


61. 


62. 


20 
subgroupoids? Is P = {Sax , a € {0, 3 6, 9}, *, 3B, 1} 
i=0 


20 

conjugate with S = {Sax , a; € {2,5, 8, 11} where P and S 
i=0 

polynomial subgroupoids of T? Prove T is a S-polynomial 

groupoid. 


Define S-inner commutative polynomial groupoid and give 
some examples. 


8 ‘ 
Is G = [Sa a, € Zs, *, (3, 3)} a S-inner commutative 


i=0 
polynomial groupoid? Justify your claim. 


Prove every S-commutative polynomial groupoid is a S-inner 
commutative polynomial groupoid and not conversely. 


Give an example of a S-Moufang polynomial groupoid built 
using Z0. 


45 : 
Is G= {Sax | ai € Zio, *, (5, 6)}, the polynomial groupoid 
i=0 


a S-strong Moufang groupoid? Justify your claim. 


20 
Is P= {Sax | a, € 12 (3, 9)} the polynomial groupoid a S- 
i=0 


strong Moufang Groupoid? Justify your claim. 


Prove every S-strong Moufang groupoid is a S-Moufang 
groupoid and not conversely. 


Is W = {Sax | ai € Z4, (2, 3)} the polynomial groupoid a S- 
i=0 


strong Bol groupoid? Can W be just a S-Bol groupoid? Justify 
your claim. 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


you 


72: 


Give an example of S-strong P-groupoid built using Z¢. 


25 
Let B= {Sax | ai € Zo, *, (4, 3)} be a polynomial groupoid 
i=0 


built using Z.. Is B a S-strong P-groupoid? Prove your claim. 


14 
bet 'C -{> a,x'| aj € Za, *, (2, 3)} be a polynomial groupoid. 
i=0 


Is C a S-strong P-groupoid? Justify your claim. 


Prove if G a S-polynomial groupoid built using Z,(n even) 
and if G is a S-strong polynomial P-groupoid then every pair 
in G need not satisfy the P-groupoid identity. 


Every S-strong polynomial P-groupoid is a S-polynomial P- 
groupoid and not conversely. 


Define the notion of S-strong right alternative groupoid and 
illustrate it by an example. 


20 
Is G= {Saw | a; € Zy4, *, (7, 8)} the polynomial groupoid a 
i=0 


S-strong alternative groupoid? 


Let G {Sax | a; € Zio, *, (1, 6)} be a polynomial groupoid 
i=0 


built using Zi. Is G a S-strong polynomial alternative 
groupoid? 


Give an example of a S-strong polynomial right alternative 
groupoid which is not a S-strong polynomial left alternative 


groupoid. 


Give an example of S-alternative polynomial groupoid which 
is not a S-strong alternative polynomial groupoid. 
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vie 


74. 


7d. 


76. 


Ths 


78. 


zo. 


80. 


81. 


19 
Can G = {Sax a, € Zio, *, (3, 12)} the polynomial 
i=0 


groupoid be a strong Bol groupoid? 


Let G = [Sax a, € Zio, *, (4, 15)} be a polynomial 
i=0 


groupoid. Can G be a S-Bol groupoid? Justify your claim. 


27 
Let T = {Sax a, € Zs, *, (3, 6)} be a polynomial 
i=0 


groupoid. Can T be a S-strong P-groupoid? 


bet Lb. = {Sax a, € Zo, *, (2, 4)} be a polynomial 
i=0 


groupoid. Can L be a S-strong right alternative groupoid? 


Find S-right ideals of L given in problem (76). Does L in 
problem (76) have S-ideals? Justify. 


Let G = {set of all 3 x 5 interval matrices built using Z7, *, 


(3, 7)} be an interval matrix groupoid. Find subgroupoids of 
G. Is Ga S-interval matrix groupoid? 


Obtain some interesting properties about row matrix interval 
groupoid built using Z! . 


Let P = {all 3 x 1 interval matrices constructed using Zj, *, 


(2, 3)} be the 3 x 1 interval matrix groupoid built on Z5. Is P 
a S-interval matrix groupoid? 


Let T = {{set of all 3 x 3 interval matrix built using Zi, }, *, 


(15, 5)} be the matrix interval groupoid. What are the 
identities satisfied by T? Is T finite? Can T be a S-strong Bol 
interval matrix groupoid? Justify. 
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82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


Give an example of a 3 x 8 matrix interval groupoid built 


using Z);, which is a S-groupoid. 


Give an example of a 6 x 3 matrix interval groupoid built 
using Z, which is not a S-groupoid. 


Give an example of a 5 x 5 matrix interval groupoid built 
using Z;, which is a S-strong Moufang groupoid. 


Give an example of a S-row matrix interval groupoid built 
using Z), which is a S-alternative row matrix interval 
groupoid. 


Give an example of a 5 x 8 matrix interval groupoid built 
using Z}, which is simple. 


Does their exists a S-inner commutative matrix interval 
groupoid constructed using Z),? 


Obtain some interesting properties about square matrix 
interval groupoids built using Z, ; p an odd prime. 


Construct a class of simple matrix interval groupoids using 
aye 


Give an example of a 10 x 2 matrix interval normal groupoid 
built using Z;. 


Give an example of a 1 x 8 matrix interval groupoid 
constructed using Z,; which has normal matrix interval 
subgroupoids but is not a normal matrix interval groupoid. 


Give an example of a 9 x 9 matrix interval groupoid which is 


a not a S-strong right alternative 9 x 9 matrix groupoid but a 
S-strong left alternative 9 x 9 matrix groupoid. 
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93. 


94. 


95. 


96. 


97. 


Can a 4 x 10 matrix interval groupoid built using R; be a S- 
groupoid? Justify your claim. 


Let G = { Z) [x], *, (3, 7)} be an interval polynomial groupoid 
built using the intervals in Z}, 


Does G have subgroupoids? 

Is G a S-groupoid? 

Is G a S-strong Bol groupoid? 

Can G be normal? 

Can G have alteast normal subgroupoids? 

Can G be a S-strong alternative groupoid? Justify your 
answers. 


monoage 


4 . 
Let P = {Sax | a; e¢ Zi = {all intervals built using 0, 1, 2, 
i=0 


3}, *, (3, 1)} be a polynomial interval coefficient groupoid. 
a. What is the cardinality of P? 

b. Find subgroupoids of P. 

c. Does P satisfy any one of the standard identities? 


Let W = {Sax | a; ¢ Z}, = all intervals built using Zy, *, 
i=0 

(1, 3)} be an infinite polynomial interval coefficient 

groupoids built using Z,, . 

a. Prove W 1s an infinite S-groupoid. 

b. Is WaS-strong Moufang groupoid? Prove your answer. 

c. Can W bea S-Bol groupoid? Justify. 

d. Find two S-subgroupoids of W which are S-conjugate 
subgroupoids. 

e. Is WaS-idempotent groupoid? Justify your claim. 


5 . 
Let B= (Yan | a; ¢ Z; = {all intervals built using Z; = {0, 
i=0 


1, 2, 3, 4}, *, (3, 3)} be a polynomial interval groupoid built 
using Z;. 
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98. 


99. 


100. 


101. 


Find subgroupoids of B. 
Prove B is S-groupoid. 

Is B a commutative groupoid? 
Find the cardinality of B. 

Is B inner commutative? 


enogs 


20 
Let K = {Sax |a; € Z, = {all intervals built using Zs = {0, 
i=0 


1, 2, ..., 7}}, *, (2, 8)} be a polynomial interval groupoid 
built using Z,. 

a. Prove K is a S-groupoid. 

b. Prove K is of finite cardinality. 

c. Prove K is a S-normal groupoid. 


17 

Let P = {Saw |a; € Z, = {all intervals built using {0, 1, 2, 

i=0 

3, 4, 5}}, *, (0, 2)} be a interval polynomial groupoid built 

using Z/, in the variable x. 

a. Prove P is anon commutative groupoid. 

b. Is P a P-groupoid? Prove your claim. 

c. If (0, 2) is replaced by (0, 3) or (3, 0) can P be a P- 
groupoid and an alternative groupoid? 


Let G= 3 a,x'| aj € {all intervals built using Z24 = {0, 1, 2, 
i=0 


...5 24', *, (0, t)} be a polynomial interval groupoid in the 
variable x with coefficients from Z;,. Prove there exists at € 


Zo, such that for that t, G is both a P-groupoid and an 
alternative groupoid. 


2 
Let W = (Sax | a; €¢ Zj, = {all intervals built using {0, 1, 
i=0 


2, ..., 18}}, *, (0, t)} be a interval polynomial groupoid built 
using Z},. Prove for no t € Zio \ {0, 1}. W can be a P- 
groupoid or a alternative groupoid. 
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102. 


103. 


104. 


105. 


106. 


107. 


108. 


Obtain some interesting results on polynomial interval 
groupoids built using Z; . 


9 , 
Let S= {Sax /a; € Z), = fall intervals built using {0, 1, 2, 
i=0 


...5 LO}}, *, (3, 0)} be a interval polynomial groupoid. Can S 
satisfy the Moufang identity? 


Can the interval polynomial groupoid F = ps a,x’ /a, € {all 


i=0 
intervals built using Z, = {0, 1, 2,...,.n—1}={Z., *, (t, 0)} 
be a Bol groupoid? 


4 . 

Will T = {Sax | a; e¢ Z), = {all intervals built using Z9}, 
i=0 

* (0, 4)} be an alternative interval polynomial groupoid? 


i=0 
built using Z, = {0, 1, 2, 3}, *, (0, 3}} the interval polynomial 
groupoid built using intervals from Z/,. Find the order of P. 


3 . 
Find all subgroupoids of P = x a.x'|a; € Z), = {all intervals 


Does the order of the subgroupoids divide the order of P? 


Find all subgroupoids and ideals if any of the interval 
3 

polynomial groupoid T = {Sax | a; ¢ Zi, = {all intervals 
i=0 

built using Z). = {0, 1, 2, ..., 1}, *, (4, 0)}. Does there exists 

in T a subgroupoid which is not an ideal? What is the order of 

T? 


Let S = {dex | aj € Z, = {all intervals built using Z, = {0, 


1, 2, ..., p— 1} where p is a prime, *, (t, t); t< p} be a interval 
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109. 


110. 


111. 


112. 


113. 


114. 


115. 


polynomial groupoid built using coefficients from Z. Prove 


S is a normal groupoid. 
Prove groupoid S in problem (108) is a P-groupoid. 


Prove groupoid S in problem (108) is a commutative 
groupoid. 


Can groupoid P in problem (108) be an alternative groupoid? 


Let F be the collection of all interval polynomial groupoids G 


where G = ps a,x'|a; € Z. = {all intervals using the modulo 
i=0 

integers {0, 1, 2, ...,n—1}, nis not a prime, *, (t, t) where t € 

Z, \ {0, 1} and t is such that t? = t (mod n). Prove F contains 

only alternative groupoids. Find the number of such groupoids 

when n = 128. 


7 
Let S = [Sax | ai € Zig, *, (9, 9)! be a interval polynomial 
i=0 


groupoid built using the intervals from Z},. Does S contain 
any normal subgroupoid? 


5 . 
Is the interval polynomial groupoid T = [Sax [ai ¢ Z5,; 0 
i=0 


<1<5, *, 17, 17)} a normal groupoid. Is T a S-groupoid? 
How many subgroupoids does T have? What is the cardinality 
of T? 


3 

Can the polynomial interval groupoid L = pa ax'|ae Z),, 
i=0 

* (7, 7)} be a P-groupoid? 

Find all the subgroupoids of L. 

What is the cardinality of L? 

Does the order of each subgroupoid divide the order of L? 

Will L be a S-groupoid? 


ao of 
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116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


e. Can L bea normal groupoid? 
f. Does L contain any normal subgroupoids? 
g. Will L be an idempotent groupoid? 


3 

Does the polynomial interval groupoid V = {Sax a € 
i=0 

Z,,; *, (4, 7)} satisfy the Bol identity? 


Can the groupoid V given in problem (116) be a Moufang 
groupoid or an idempotent groupoid? Justify your claim. 


Does the polynomial interval groupoid M = {Sax | ai € 
i=0 


Z;,; *, (3, 7)} have ideals? What is the order of M? Is Ma S 
groupoid? Find all right ideals of M? 


How many semigroups are in the interval polynomial 
6 

groupoid K = {Sax ae Z; *, (3, 4)}? Is K a S- 
i=0 


groupoid? What is the order of K? 


Construct a polynomial interval groupoid using Z}, such that 
it is not a S-groupoid. 


Construct a polynomial interval groupoid T using Z},, which 
is an alternative groupoid. 


Does there exist a simple polynomial interval groupoid using 
the interval set Z}, ? 


Find the number of subgroupoids of the polynomial interval 


5 
groupoid X = {daw ae, oe DY. 
i=0 


Is X given in problem 123 a S-groupoid? 
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125: 


126. 


127. 


128. 


129. 


130. 


ee 


What is the order of X given in problem (123)? 


Let G= p3 a,x' | a; € Z;,; *, (11, 7)} be a polynomial interval 
i=0 


groupoid. 
a. Is Gsimple? 
b. Can G contain semigroups? 


Obtain some interesting properties about interval matrix 
groupoids built using intervals from Z; . 


Let P = {6 x 7 interval matrices built using intervals from Z; } 


be a interval matrix groupoid. Is P simple? Find all 
subgroupoids of P. What is the cardinality of P? 


Let Y = {All 3 x 3 interval matrices with entries from Z,}. P 
= {Y, *, (3, 5)} be the interval matrix groupoid using Z;. 
What is the cardinality of P? Find all subgroupoids of P. Is Pa 
Moufang groupoid? Can P be a normal groupoid? Does P 
contain ideals? Find all right ideals of P. If (3, 5) is replaced 
by (4, 4) in P, will P be simple? 


Let B = {L, *, (3, 9)} where L = {all 7 x 2 interval matrices 
with entries from Z; } be a matrix interval groupoid. 


Can B be a S-groupoid? 

Find at least 5 subgroupoids of B. 
Does B contain right ideal? 

Can B have left ideals? 

Will B have an ideal? 

Can B be a normal groupoid? 

Can B satisfy any standard identities? 


w~monaoge 


Obtain some interesting properties about the groupoid F = 
{the 10 x 10 interval matrix groupoid F built using R7, *, (3, 


11)}. Can F be simple? Find atleast 3 proper subgroupoids of 
F. Can F be a S-groupoid? 
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132. Let D = {All 2 x 17 interval matrices using Z/; *, (3, 1)} bea 
matrix interval groupoid, 


133. 


134. 


135. 


~mheonose 


What is the order of D? 

How many subgroupoids exists in D? 

Is D simple? 

Is D normal? 

Is D a Moufang groupoid? 

Can D have ideals? 

Is every left ideal of D a right ideal of D? Justify your 
answer. 

Can we say order the subgroupoids of D will divide the 
order the groupoid D? 


Let G = {all 2 x 2 interval matrix built using Z;, *, (3, 3)} be 


the interval matrix groupoid built using Z). 


a. 
b. 
C. 
d 


e. 


Find the number of elements in G. 

Is G a commutative groupoid? 

Is G anormal groupoid? 

Can G have left ideals which are not right ideals and vice 
versa? 

How many subgroupoids does G contain? 


If in problem (133) ZsI is replaced by Z,I; n a composite 
number. Find the solution from a to e of problem (133). 


Let G = {1 x 7 interval matrices with entries from Ze Pawn (oe 


11)} be a interval matrix groupoid. 


menos 


Find subgroupoids of G. 

Is G anormal groupoid? 

Can G be a Bol groupoid? 

Will G be a S-groupoid? 

Find the cardinality of G 

Find right ideals of G. 

Prove in general right ideal in G is not a left ideal of G 
and vice versa. 
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136. 


137; 


138. 


139. 


140. 


141. 


142. 


Let T = {all 3 x 9 interval matrices with entries from Z ae 
(0, 2)} be the interval matrix groupoid. 

a. Prove T is a S-groupoid. 

b. Find subgroupoids of G 

c. Find the cardinality of T. 

d. Does T have S-subgroupoids? 

e. Find ideals in T. 

f. Prove in T a left ideal in general is not a right ideal. 

Let X = {all 2 x 2 interval matrices with entries from Z,,, *, 
(6, 6)}. Derive the important features enjoyed by X. 

Let Y = {5 x 5 interval matrices with entries from Z: Pie (oi 
4): be a matrix interval groupoid built using Z;. 

a. Is Y a S-groupoid? 

b. Prove Y is of finite order. 

c. Is Y aS-strong Bol-groupoid? 

d. Find subgroupoids of Y. 

e. Will Y bea S-strong Moufang groupoid? 

f. Can Y contain normal subgroupoids? 

Construct a S-Moufang groupoid with 3 x 2 interval matrices 
built using Z), . 

Find all S-P- 3 x 3 matrix interval groupoids built using Z). 
Let G = {3 x 3 interval matrices with entries from Ze ae 8 
3)} be an interval matrix groupoid. Find all the special 
identities satisfied by G. 

Let T = {3 x 2 interval matrices with entries from Zi ra 0s 


3): be the interval matrix groupoid built using Zi. S = {3 x 2 
interval matrices with entries from Zi,, *, (2, 3)} be the 
interval matrix groupoid built using Z},. Construct a SG 
homomorphism between T and S. 
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143. 


144. 


145. 


146. 


147. 


Let W = {2 x 5 interval matrices with entries from Ze Rae 
7) be a matrix interval groupoid built using Z;,. V = {2 x 5 
interval matrices with entries from Z,,, *, (3, 6)} be a matrix 


interval groupoid built using Z;,. Give a SG homomorphism 


between W and V. Find all the common properties enjoyed by 
W and V. 


T = {3 x 2 interval matrices with entries from Z/,, *, (3, 12)} 


be a interval matrix groupoid built using Zi, . 

Is T a S-Bol groupoid ? 

Find the order of T. 

Find all subgroupoids of T. 

Is T a S-groupoid? 

Is T a normal groupoid? 

Can T have normal subgroupoids? 

Obtain any other interesting property enjoyed by T. 


gmmoaocrf 


Let B = {All 1 x 8 interval matrices with entries from ZI, , *, 


(3, 6)} be an interval matrix groupoid. 

Find the cardinality of B 

Find all subgroupoids of B 

Is B a S-strong Moufang groupoid? 

Can B be a S-strong right alternative groupoid? 
Can B have normal subgroupoids? 

Find an ideal in B. 


monaoge 


Let W = {3 x 1 interval matrices with entries from vba etek, 


3)! be the matrix interval groupoid built using Zi, . 


a. Find two S-subgroupoids of W which are S-conjugate. 
b. Is W aS-groupoid? 

c. Is W anormal groupoid? 

d. How many semigroups does W contain? 


Let V = {3 x 3 interval matrices with entries from Z; Ping 7; 


3)} be a matrix interval groupoid built using Z;. 
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148. 


149. 


150. 


151. 


152; 


153. 


154. 


Is V a S-inner commutative groupoid? 

Find cardinality of V. 

Find all subgroupoids of V. 

Does V have normal subgroupoids? 

Will V satisfy any one of the special identities? 


eonogs 


Let G = {4 x 5 interval matrices with entries from Zz Pe C2 


5)} be a matrix interval groupoid. Prove every S-left ideal of 
G is not a S-right ideal of G. 


Define the notion of S-seminormal matrix interval groupoid. 
Illustrate it by some examples. 


Let G = {all 6 x 6 interval matrices with entries from Zi, *, 


(2, 6)} be a matrix interval groupoid. 

Prove G is a S-groupoid. 

Does G have a S-normal subgroupoid? 
Find all S-subgroupoids of G. 

What is the cardinality of G? 

Can G be a S-strong Moufang groupoid? 


eRe oS 


Let T = {Set of all 3 x 6 interval matrices with entries from 
Z,,,*, (3, 9)} be a interval matrix groupoid. Prove T is a not 


a S-strong Moufang groupoid. Prove T is only a S-Moufang 
groupoid. 


Prove every S-strong Moufang groupoid is a S-Moufang 
groupoid and not conversely. 


W = {set of all 2 x 8 interval matrices with entries from Z,,, 


*. (5, 6)} be an interval matrix groupoid. Prove W is a S- 
strong Moufang groupoid. 


Let P = {All (4 x 4) interval matrices with entries from Z),, 


* (17, 17)} be an interval matrix groupoid. Is P a normal 
groupoid? 
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155. 


156. 


157, 


158. 


159. 


Let S = {all 7 x 7 interval matrices with entries from Z,,, *, 


(7, 7)} be an interval matrix groupoid. Is S a P-groupoid? 
Justify your claim. 


Let V = {3 x 3 interval matrices with entries from Ze ote, 


9)} be a interval matrix groupoid; 


monoges 


Is V anormal groupoid? 

Does V contain normal subgroupoids? 

Is V an idempotent groupoid? 

Find all subgroupoids of V. 

Is V a S-groupoid? 

Find all S-subgroupoids of V. (Provided V is a S- 
groupoid). 


Let G = {all 3 x 12 interval matrices with entries from Z, eae 


(2, 3)} be a matrix interval groupoid. 


monaoges 


Can {0} be an ideal of G? 

Prove left ideals of G are not right ideals of G. 
Find the cardinality of G. 

Find all subgroupoids of G. 

Is G a S-groupoid? 

Is G anormal groupoid? 


Let V = {all 3 x 5 interval matrices with entries from Z;, *, 


(3, 5)} be a matrix interval groupoid. 


monoge 


Is V a S-strong P-groupoid? 
Is V a S-P-groupoid? 

Is V a S-groupoid? 

What is the cardinality of V? 
Find all subgroupoids of G. 
Find all S-subgroupoids of G. 


Let B = {2 x 1 interval matrices with entries from Z,, ee OF, 


3)} be a matrix interval groupoid. 


a 


b. 
C. 
d. 


Prove B 1s a S-strong P-groupoid. 
Find all subgroupoids of B. 

What is the cardinality of B? 
Find all S-subgroupoids of B. 
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e. Can B have ideals? 
f. Can a right ideal in B in general be a left ideal? 


160. Let R = {All 2 x 2 interval matrices with entries from R7, *, 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


(3, 13)} be an interval matrix groupoid. 
Find atleast 3 subgroupoids of R. 
Find 3 left ideals of R. 

Find 3 right ideals of R. 

Find 3 ideals of R. 

Can R satisfy special identities? 
Can R have normal subgroupoids? 


monogs 


Obtain some interesting results about the matrix interval 
groupoid G = {all 7 x 7 interval matrices with entries from 


Q;,*, (1, 2)}. 
Let G = {Zol, *, (3, 2)} be a neutrosophic groupoid. Find 


whether G is a S-neutrosophic groupoid. What is the 
cardinality of G? 


Let G = {Z,,I, *, (3, 4)} be a neutrosophic groupoid. Can G be 
written as a partition of conjugate groupoids? Justify your 
answer. 


Find the conjugate groupoids of G = {Z\sl, *, (9, 8)}. 
How many neutrosophic groupoids of order 7 exist? 


Find all right ideals of the neutrosophic groupoid G = {ZyI, *, 
(3, 7)}. 

Let G = {N(Z,s), *, (3, 8)} be a neutrosophic groupoid. What 
are the important properties enjoyed by G? How many 


groupoids can be built using N(Z»5)? 


Is P= {N(Zs), *, (21+ 1, 41)} a neutrosophic groupoid? Justify 
your claim. 


Is R= {N(Z7), *, (4 + 31, 2)} a neutrosophic groupoid? 
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170. 


wal 


LID 


173. 


174. 


175. 


176. 


Ly 


178. 


179. 


180. 


181. 


Let W = {N(Z’, *, (1431, 7+2D}. Is W a neutrosophic 
groupoid? What are the special properties enjoyed by W? 


Let S = {N(Z'U {0}), *, {31, 2 + 21} be a special 
neutrosophic groupoid. Find subgroupoids of S. Does S 
satisfy any one of the special identities? Justify your answer. 


Does there exist a P-neutrosophic groupoid of order 15? 


Give an example of a P-neutrosophic groupoid built using 
Zigl. 


Find all the ideals of the neutrosophic groupoid W = {N(Z3), 
*. (7, 14)}. Find atleast 3 neutrosophic subgroupoids. Is W an- 


idempotent neutrosophic groupoid? 


Does there exist an infinite neutrosophic groupoid which is a 
P-groupoid? 


Give an example of a S- neutrosophic groupoid of order 32. 
Suppose G is a neutrosophic groupoid of finite order. Will 
every neutrosophic subgroupoid of G divide the order of G? 


Justify your claim. 


What is the order of the neutrosophic groupoid G built using 
Zo, where G = {N(Zp1), *, (2, 3)}? 


Obtain some interesting results about neutrosophic interval 
groupoid. 


Give an example of a neutrosophic interval matrix Bol 
groupoid. 


Show there exist neutrosophic interval matrix groupoids 
which do not satisfy any special identities. 
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182. 


183. 


184. 


185. 


186. 


187. 


Does there exists a neutrosophic polynomial interval groupoid 
of finite order? 


12 


Let G = [Suto 


i=0 


a. exh] be a neutrosophic 


polynomial interval groupoid. 

Does G satisfy any of the special identities? 
Is G normal? 

Is G a Smarandache groupoid? 

Find atleast 2 subgroupoids of G. 

Does G have Smarandache ideals? 


ono 7p 


co 


Let G = [Dimas 


i=0 


a. e213) be a neutrosophic 


polynomial interval groupoid of infinite order. 

a. Find subgroupoids in G. 

b. Does there exists right ideals in G which are not left 
ideals? 

c. IsGaSmarandache groupoid? 

d. Does G satisfy any special identities? 


Obtain some interesting results about neutrosophic interval 
groupoids of finite order. 


Let G = {[0, aj]| a; © Zool, *, (3, 6)} be a neutrosophic interval 
groupoid; 

a. Find the order of G. 

b. Does G have subgroupoids? 

c. Is GaSmarandache groupoid? Justify your claim. 


Let G= {[ay, slo PE a || ai = [0, xl: Xi € Zosl, , (12, 13)} bea 
neutrosophic row matrix interval groupoid; 

a. Does G satisfy any special identities? 

b. What is the order of G? 

c. Is Ganormal groupoid? 
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188. 


189. 


190. 


191. 


192. 


193. 


194. 


195. 


a, a, |/a; =[0,x, ]; 


Let P = 4/a, a, ||x; €Z,,1,*,(9,9);- be a neutrosophic 
a, a, ||1<i<10 
as a9 


matrix interval groupoid. 

Is P a finite order groupoid? 

Is P an alternative groupoid? 

Does P satisfy the Moufang identity? 
Find some subgroupoids and ideals in P. 
Is P a Smarandache groupoid? 


ono 5 


Obtain some interesting results about neutrosophic 
polynomial interval groupoids built using o(NC’). 


Does there exists a neutrosophic polynomial interval groupoid 
which satisfies both the Bol identity and Moufang identity? 


Give an example of a neutrosophic polynomial interval 
groupoid which 1s a P-groupoid and an alternative groupoid. 


Obtain some interesting properties about neutrosophic matrix 
interval groupoids built using 0( Z5, ). 


Obtain some interesting results about neutrosophic 
polynomial interval groupoids built using o(N(Z,)), p a prime. 


Enumerate the properties enjoyed by neutrosophic polynomial 


: : o i a; € Z,,1,*,(t, t); 
interval groupoids G = >, [0,a,]x' 
l<t<n 


i=0 


Does there exist a neutrosophic row matrix interval groupoid 
of order 26? Justify your claim. 
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196. 


197. 


198. 


199. 


200. 


201. 


Is it always true that in case of finite neutrosophic matrix 
groupoids the order of the subgroupoid divides the order of 
the groupoid? Justify your claim. 


Let G = [io.aas 


i=0 


2,210 (01,0, be the 


neutrosophic polynomial interval groupoid. 
a. Find subgroupoids of G. 
b. Is GaSmarandache groupoid? Justify. 


wont 


matrix interval groupoid. 

a. What is the order of G? 

b. Find subgroupoids of G. 

c. Does G satisfy any special identities? 


s<00..0} be a neutrosophic 


aoa 
aoa 
Let G = a€o(N(Z,,),*,(6,5)- be a neutrosophic 
aoa 
aoa 


matrix interval groupoid. 
a. Is Ga finite order groupoid? 
b. Enumerate all the special identities satisfied by G. 


22 
Let P = [Rtas 


i=0 


1,€7,140.2)| be a neutrosophic 


polynomial interval groupoid. 

a. Find the order of P. 

b. Is G Smarandache strong Bol groupoid? 
c. Does G have Smarandache ideals? 


Obtain some interesting properties about finite neutrosophic 
polynomial interval groupoids built using Z,. n < 0. 
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202. 


203. 


204. 


205. 


12 


Let G = pace 


i=0 


162,140] be a_neutrosophic 
polynomial interval groupoid and G' = 

aaa a 
{: a a ‘| 
interval groupoid. Does there exists a _ groupoid 
homomorphism of G to G'? 


a £2.42} be a neutrosophic matrix 


Does there exists a neutrosophic matrix interval groupoid 
built using o(Z,1) which has Smarandache conjugate 
subgroupoids? 


Give an example of a pseudo simple neutrosophic matrix 
interval groupoid. 


Give an example of a doubly simple neutrosophic polynomial 
interval groupoid. 
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A 
Alternative groupoid, 8-9 
B 


Bol groupoid, 8 
Bol identity, 8 


C 

Column interval matrix, 81 
Column matrix groupoid, 18 
Column neutrosophic matrix, 15-6 
Commutative groupoid, 8 


D 


Doubly simple neutrosophic groupoids, 113 
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E 


Equal special neutrosophic groupoids, 122-3 
Extension neutrosophic field, 13 


G 


Groupoid of finite order, 8 
Groupoid of infinite order, 8 
Groupoid, 7-8 


I 


Ideally simple neutrosophic groupoid, 115-6 
Idempotent groupoid, 9 

Indeterminacy, 10 

Interval groupoid of level four, 57 

Interval groupoid of level one, 50 

Interval groupoid of level three, 55 

Interval groupoid of level two, 52 

Interval groupoid, 88-92 

Interval matrix alternative groupoid, 99-100 
Interval matrix groupoid, 79-86 

Interval matrix normal groupoid, 97 

Interval matrix P-groupoids, 98 

Interval matrix, 83 

Interval polynomial groupoid of level four, 73 
Interval polynomial groupoid of level one, 64 
Interval polynomial groupoid of level three, 70-71 
Interval polynomial groupoid of level two, 67-8 
Interval polynomial subgroupoid of level two, 65 
Interval polynomial subgroupoid, 67-73 
Interval polynomials, 62-5 

Interval row matrices, 85 


L 


Left alternative groupoid, 8-9 
Left ideal of a groupoid, 9 
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Left ideal of interval groupoids, 61 
M 


Matrix groupoid of type I, 27 
Matrix groupoid of type II, 28 
Matrix groupoid of type III, 31 
Matrix groupoid of type IV, 31-5 
Matrix groupoid, 22 

Matrix normal subgroupoid, 23-4 
Matrix subgroupoid, 22 
Moufang groupoid, 8 

Moufang identity, 8 


N 


Neutrosophic column interval matrix groupoid, 178-9 
Neutrosophic field, 12-3 

Neutrosophic groupoid homomorphism, 114 

Neutrosophic groupoids of finite order, 111 

Neutrosophic groupoids of infinite order, 111 

Neutrosophic groupoids of level four, 167-9 

Neutrosophic groupoids of level three, 167-9 

Neutrosophic groupoids of level two, 168 

Neutrosophic groupoids using Z,, 117 

Neutrosophic groupoids, 109-110 

Neutrosophic ideal in a neutrosophic groupoid, 115 
Neutrosophic interval groupoids of level one, 168 
Neutrosophic interval groupoids, 167 

Neutrosophic interval matrix groupoid, 180-1 

Neutrosophic interval matrix idempotent groupoid, 184 
Neutrosophic interval matrix left ideal, 185 

Neutrosophic interval matrix right ideal, 185 

Neutrosophic interval matrix subgroupoid, 182 

Neutrosophic interval polynomial groupoid of level five, 193-4 
Neutrosophic interval polynomial groupoid of level four, 193-4 
Neutrosophic interval polynomial groupoid of level one, 193-4 
Neutrosophic interval polynomial groupoid of level three, 193-4 
Neutrosophic interval polynomial groupoid of level two, 193-4 
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Neutrosophic interval polynomial subgroupoid, 195 
Neutrosophic interval square matrix groupoid, 180-1 
Neutrosophic interval subgroupoids, 170 
Neutrosophic matrix alternative groupoid, 165 
Neutrosophic matrix P-groupoid, 163-4, 166 
Neutrosophic matrix subgroupoid, 156-7 
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Neutrosophic polynomial subgroupoid, 132 
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Neutrosophic row matrix groupoid of level five, 154 
Neutrosophic row matrix groupoid of level four, 154 
Neutrosophic row matrix groupoid of level one, 148 
Neutrosophic row matrix groupoid of level three, 154 
Neutrosophic row matrix groupoid of level two, 153 
Neutrosophic row matrix, 15-6 

Neutrosophic semigroup, 121 

Neutrosophic subfield, 13 

Neutrosophic subgroupoid, 11-2, 111, 119-23 
Normal groupoid, 10 

Normal matrix groupoid, 26-7 

Normal neutrosophic groupoids, 120-2 

Normal subgroupoid, 9 


P 


P-groupoid, 8 

P-neutrosophic matrix groupoid, 163-7 
Polynomial groupoid of type I, 39 
Polynomial groupoid of type H, 40-1 
Polynomial groupoid of type IV, 44 
Polynomial groupoids of level five, 142 
Polynomial groupoids of level four, 141 
Polynomial groupoids of level three, 140 
Polynomial groupoids of level two, 139 
Polynomial groupoids with rational coefficients, 46-7 
Polynomial groupoids, 35-6 

Polynomial interval groupoids, 62-5 
Prime neutrosophic field, 13 
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Prime special neutrosophic groupoids, 123 

Pseudo neutrosophic groupoid, 12 

Pseudo neutrosophic interval subgroupoid, 170 

Pseudo neutrosophic subgroupoid, 112 

Pseudo simple interval neutrosophic subgroupoid, 170-2 
Pseudo simple neutrosophic groupoids, 113 

Pseudo simple neutrosophic polynomial groupoid, 136 
Pure neutrosophic field, 14 


R 


Real matrix, 15-6 

Right alternative groupoid, 8-9 
Right ideal of a groupoid, 9 

Right ideal of interval groupoids, 61 
Row integer interval matrix, 79-80 
Row matrix groupoid, 15-6 

Row neutrosophic matrix, 15-6 


S 


S- normal matrix groupoid, 166 

S- strong neutrosophic interval P-groupoids, 176 

S-Bol neutrosophic interval matrix groupoid, 190-1 
Simple groupoid, 9 

Simple interval groupoid, 58 

Simple neutrosophic groupoids, 112 

Simple neutrosophic interval groupoid, 170 

Simple neutrosophic interval matrix groupoid, 182-3 
Simple neutrosophic interval polynomial groupoid, 195-7 
Simple neutrosophic matrix subgroupoid, 156-7 

S-inner commutative matrix groupoid, 166 

Smarandache Special Class (SSC) groupoids, 45 
Smarandache commutative groupoid, 10 

Smarandache groupoid, 10 

Smarandache interval groupoid, 102-5 

Smarandache neutrosophic (S-neutrosophic) groupoid, 122 
S-neutrosophic interval matrix groupoid, 187-8 

Special interval groupoid, 49 
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Special modulo integer interval groupoid, 45-9 

Special non prime neutrosophic groupoids, 121-3 
S-right ideal of a neutrosophic interval matrix groupoid 
S-strong Moufang matrix groupoid, 165-7 

S-strong Moufang matrix interval groupoid, 189 
S-strong neutrosophic interval matrix P-groupoid, 190-1 
S-strong neutrosophic interval Moufang groupoids, 175 
Subgroupoid, 8 


U 


Usual or real column matrix, 15-6 
Usual or real row matrix, 15-6 
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